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Sound Waves in Three Dimensions.

ρ∂2u/∂t2 = −∇p, p = −B∇ · u, ∂2p/∂t2 = c2∇2p with c =
√

B/ρ, ∂2u/∂t2 = c2∇2u.
Spherical waves: p(r, t) = f(|r| − ct)/|r|.
Snell’s law: n1 sin θ1 = n2 sin θ2, where the index of refraction n =

√
εµ is c/v.

Phase shift π on reflection where the index of refraction increases (e.g., light off glass).
Intensity along the direction of propagation I = p∂u/∂t,
energy density E = (ρ/2)(∂u/∂t)2 + p2/(2B).
If p(t) =

∑
n p̃n exp(iωnt) and ρ(t) =

∑
m ρ̃m exp(iωmt), then the total power is the sum

of the power in each frequency channel:
∑

n(−iω/2)p̃nρ̃∗
n.

Interference and Diffraction.

Double Slit. Phase difference φ = 2πd sin(θ)/λ = kd sin(θ).
Intensity Iav = 4I0 cos2(φ/2) = 4I0 cos2(kd sin θ/2) (I0 single slit intensity).
Constructive for d sin θ = 0,±λ,±2λ, . . ., destructive for d sin θ = ±λ/2,±3λ/2, . . ..
Multiple slits. Iav = I0 sin2(Nφ/2)/ sin2(φ/2); principle maxima at φ = 0, 2π, 4π, de-
structive at φ = 2mπ/N with m any integer except 0,±N,±2N, ....
Diffraction. If the slit opening is f(x), Iav ∝ |f̃(k sin θ)|2.
The Fourier transform of a shifted function f(x − ∆) is exp(−i∆k)f̃(k).
Single wide slit. Iav = Icenter sin2 α/α2 with α = ak sin(θ)/2.

Tensor Notation.

Einstein convention: aijk�bimno =
∑3

i=1 aijk�bimno.
Dot product a · b = aibi, matrix applied to vector (Mx)i = Mijxj , matrix multiplication
(MN)ij = MikNkj , trace Tr(M) = Mii.
Laplacian ∇2f = ∂i∂if = ∂2

xf + ∂2
yf + ∂2

zf, divergence ∇ · v = ∂ivi.
Identity tensor δij , equals one if i = j, zero otherwise.
Totally antisymmetric tensor εijk : εijk = −εjik = −εikj = −εkij . ε123 = 1 = ε231 = ε312 =
1, ε321 = 1 = ε213 = ε132 = −1, zero if any index repeats.
(a × b)i = εijkajbk, (∇× v)i = εijk∂jvk, det M = εijkε�mnMi�MjmMkn.
δii = 3, εijkδjk = 0, εijkεijk = 6, εijkεij� = 2δk�, εijmεk�m = δikδj� − δi�δjk.

Elasticity Theory.

Stress tensor σijn̂j = Force/Area across surface perpendicular to n̂. σij = σji because
torques on small volumes must vanish. Force on a small volume Fi = ∂jσij . For hydrostatic
pressure P , σij = −Pδij .
Strain tensor εij = (1/2) (∂iuj + ∂jui + ∂iuk∂juk) , where the last term (the geomet-
ric nonlinearity) is usually ignored. εij = εji. The strain tensor for uniform stretching
−∆V/V = 3∆L/L would be εij = (∆L/L)δij.
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Tensor of elasticity cijk� gives Hooke’s law for anisotropic media, σij = cijk�εk�. cijk� =
cjik� = cij�k = ck�ij . There are 21 possible independent elastic constants.
The elastic energy density E = (1/2)σijεij = (1/2)cijk�εijεk�.
Isotropic moduli. The bulk modulus K is the same as B for fluids: P = −K(∆V/V ).
Under a shear by an angle θ, E = (1/2)µθ2.
Under unconstrained stretching, F = Y ∆L/L, and ∆W/W = −σ∆L/L, where here σ
is Poisson’s ratio and not the strain. K = 2µ/3 + λ, σ = λ/2(µ + λ), and Y = (2µ2 +
3λµ)/(µ + λ).
Isotropic Tensors. cijk� = µ(δikδj� + δi�δjk) + λδijδk�. σij = 2µεij + λεkkδij . E =
µεijεij + (λ/2)(εkk)2.
Wave equations. ρ0∂

2ui/∂t2 = ∂jσij = (1/2)cijk�∂j(∂ku� + ∂�uk). For isotropic media,
ρ0∂

2ui/∂t2 = (λ + µ)∂i∂juj + µ∂j∂jui, or ρ0∂
2u/∂t2 = (λ + µ)∇(∇ · u) + µ∇2u.

Decomposing u = uT +uL with ∇·uT = 0 and ∇×uL = 0, we have ∂2uL/∂t2 = c2
L∇2uL

and ∂2uT /∂t2 = c2
T∇2uT , with cT =

√
µ/ρ0 and cL =

√
(λ + 2µ)/ρ.

Electromagnetic Waves.
Maxwell’s Equations.

∇ · D = 4πρ

∇× H− 1
c

∂D
∂t

=
4π

c
J

∇×E +
1
c

∂B
∂t

= 0

∇ ·B = 0
with D = εE and B = µH. ε and µ can be tensors for anisotropic media.
Plane waves. Linearly polarized about E0 = (0, Ey, Ez):

E(r, t) =E0
y ŷei(kx−ωt) + E0

z ẑei(kx−ωt)

B(r, t) = − E0
z ŷei(kx−ωt) + E0

y ẑei(kx−ωt)

Circularly polarized wave:

E(r, t) =E0ŷei(kx−ωt) + iE0ẑei(kx−ωt)

B(r, t) = − iE0ŷei(kx−ωt) + E0ẑei(kx−ωt)

Formulas from Prelim I.
Trigonometry f = ω/2π, and k = 2π/λ. exp(iz) = cos(z) + i sin(z), cos(z) = (exp(iz) +
exp(−iz))/2, and sin(z) = (exp(iz) − exp(−iz))/(2i).
Wave Equation Solutions. The wave equation

∂2η/∂t2 = c2∂2η/∂x2

has a traveling wave solution η(x, t) = f(x ± ct), a standing-wave solution η(x, t) =
A sin(kx) sin(ωt), and (as a special case) a traveling sine wave η(x, t) = A exp (i(kx − ωt)),
where ω/k = c.
Fourier Transform of a Gaussian. If f(x) = (1/

√
2πσ) exp

(−x2/2σ2
)
, f̃(k) =

exp
(−σ2k2/2

)
.
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