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One of the main difficulties of quantum Monte Carlo techniques is the lack of an
efficient method for computing interatomic forces. To date, most quantum Monte
Carlo calculations have been performed on geometries obtained with either density
functional theory or conventional quantum chemistry methods. Here, we present a
correlated sampling method to efficiently calculate numerical forces and potential
energy surfaces in diffusion Monte Carlo. It employs a novel coordinate transfor-
mation, earlier used in variational Monte Carlo, to greatly reduce the statistical
error. Results are presented from all-electron and pseudopotential calculations of
homonuclear diatomic molecules.

1 Introduction

Over the past decade, quantum Monte Carlo (QMC) methods [1,2] have pro-
vided the most accurate calculations of correlated properties for medium-sized
molecules and solid systems, where conventional quantum chemistry methods
become computationally very expensive. Despite their potential to become an
important tool for the study of correlated systems, a major stumbling block
to a more widespread use of QMC techniques has been their difficulty in de-
termining equilibrium geometries and potential energy surfaces: most QMC
calculations have been performed on geometries obtained with either density
functional theory (DFT) or conventional quantum chemistry methods.

To understand the complications involved in computing forces in QMC,
we need to first discuss how other conventional electronic structure methods
determine interatomic forces, and why such procedures cannot be straightfor-
wardly extended to QMC calculations. DFT methods or standard quantum
chemistry techniques use the Hellman-Feynman theorem to compute forces
on nuclei [3]. The Hellman-Feynman theorem is applicable provided that the
parameters in the wave function are chosen to minimize the energy for the
given form of the wave function (Pulay [4] corrections must be added if the
basis employed depends on the atomic coordinates and is not complete). The
applicability of the Hellman-Feynman theorem in QMC methods is compli-
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cated by the following considerations. First, the wave functions used in QMC
are usually not obtained by minimizing the energy, but rather by minimiz-
ing the variance of the local energy. Although these conditions are identical
if no constraints are placed on the form of the wave function, for the wave
functions used in practice they are close but not identical. Therefore, if the
Hellman-Feynman theorem were employed in variational Monte Carlo (VMC),
the forces would have a systematic error. (When we speak of the error in the
force we do not mean the error compared to the true force but rather the
error relative to the force obtained by calculating the energy at neighboring
geometries using the same form of the wave function with reoptimized param-
eters.) At first sight, it may appear that the systematic error disappears in
diffusion Monte Carlo (DMC) since this method stochastically projects onto
the true ground state. However, practical DMC calculations require one to
employ the fixed-node approximation [2] to avoid an exponential growth of the
bosonic ground state relative to the fermionic ground state as the projection
time increases. For fixed-node DMC it has been shown [5] that the Hellman-
Feynman theorem is applicable provided that at least one of the following
two conditions is satisfied: a) the trial wave function has the true nodes or
b) the nodes of the trial functions are independent of the nuclear positions.
In fact, the former condition can be relaxed to read: the parameters of the
trial wave function have been optimized to give the lowest fixed-node DMC
energy for that form of the wave function, and the basis used to construct the
wave function is either not dependent on the atomic positions or is complete.
The other problem with using the Hellman-Feynman theorem in both VMC
and DMC is that a straightforward application of the theorem leads to an
infinite variance estimator for the force, thereby rendering the method totally
impractical. However, a recently developed and general variance reduction
method, due to Assaraf and Caffarel [6], makes the variance finite and small.

Alternatively, one could simply compute energy differences to obtain ei-
ther forces (for an infinitesimal displacement of the ions) or the full potential
energy surface of the system. However, while quantum chemistry methods
can rely on having an approximately constant and smoothly varying error in
the energy, a major disadvantage of QMC methods is that, in addition to
systematic errors, one has statistical errors which make the determination of
energy differences or smooth potential energy surfaces computationally very
expensive. Even though it is not possible to entirely eliminate the statistical
errors, it is possible, by using correlated sampling [2], to make the statistical
errors in the relative energies of different geometries much smaller than the er-
rors in the separate energies and to make them vanish in the limit that the two
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geometries become identical. In the past, the correlated sampling technique
has been used within VMC [7,8] but there have been very few attempts [9] to
extend the approach to DMC, and these were approximate and/or inefficient
and were tested only on Hy, H and LiH.

In this paper, we discuss our DMC correlated sampling technique [10] for
computing accurate forces, potential energy surfaces and vibration frequen-
cies. The DMC bond lengths of first-row diatomic molecules computed with
this algorithm are found to be in better agreement with experimental values
than are the VMC, Hartree-Fock (HF), local density approximation (LDA)
and generalized gradient approximation (GGA) values.

2 Correlated sampling in variational Monte Carlo

Correlated sampling enables us to compute, from a single reference Monte
Carlo walk, the relative energies of different geometries, a reference and one
or more secondary geometries, with nuclear coordinates R, and R}, Hamil-
tonians H and Hs, and wave functions ¥ and s, respectively. Unbiased
expectation values are obtained by reweighting the configurations sampled
from 12,

(s|Hslibs) _ (PIHI|)
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where the weights of the N¢onsr MC configurations are
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and R = (r1,...,ry). The effective number of configurations sampled is
2
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eff = Neon
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so that a gain in efficiency is achieved so long as the weights do not fluctuate
wildly. The statistical error in Ey — E goes to zero linearly as the secondary
geometry approaches the reference geometry, thereby permitting the evalua-
tion of numerical forces with a finite statistical error, that can be reduced by
increasing the computer time.
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2.1 Space-warp coordinate transformation

The electronic coordinates sampled from the reference wave function squared,
Y2, will not be optimal for computing the energy E; corresponding to the
nuclear coordinates R$,, since the electron density will be peaked at R, rather
than at R},. This problem can be solved by mapping the electron coordinates
so that the electrons close to a given nucleus move almost rigidly with that
nucleus [8]:

Natoms
r; =r; + Z (ry — ra) wa(ri), 4)

a=1

where
N,
F(|I‘, _ral) atoms
wa(ri) = —x— ;Y walr) =1, (5)
2™ F(lrs —xpl) 2

(We use Latin indices for electronic coordinates and Greek indices for nuclear
coordinates.) F(r) is any sufficiently rapidly decaying function, e.g., r—*,
e *" or e*/". The reduction in statistical error is large (see Fig. 2) and almost
independent of the choice for F(r). In this paper, we make the same choice as
in our earlier work [8], F'(r) = r~* and k = 4, but other choices yield almost
the same reduction in statistical error.

The equation for Es — E (Eq. 1) is now

L1 (MR HY(R)
ES E= Nconf i— ( ¢s(Rf) Wz "ub(Rz) >, (6)
where
_Neont [9 (R) /Y (Ri)[* T(Rs) ™

2 )
S s (R /(R T(Ry)
and J(R) is the Jacobian for the transformation (Eq. 4).

3 Correlated sampling in diffusion Monte Carlo

In DMC [11], the primary walk is generated according to a stochastic imple-
mentation of the integral equation:

fRt47) = / dRG(R',R,7) f(R,1), (8)
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where the importance-sampled Green’s function GR',R,T) =
Y(R) (R'|exp{—H7}R) /v(R), f = ¢, ¢ is the ground state wave
function and 1 the trial wave function. For small values of 7 (short-time
approximation), G(R',R, 7) is given by the product of three factors, drift,
diffusion and growth/decay:

GR,R, ™)~ — Lo~ BBV SRR, (9)

(277) =
where V = V¢ (R)/¥(R) and S(R',R,7) = (2E1 — E..(R') — EL(R))7/2
with By, = HyY(R)/¢¥(R). A set of primary walkers characterized by the pairs
(R4, w;) is a random realization of the distribution f. Each walker executes
a branching random walk: a walker originally at R drifts to R + V(R)7 and
then diffuses to R’ according to the Gaussian term in Eq. 9. To ensure that,
when 4 is the ground state wave function, ¢? is sampled exactly despite the
short-time approximation in the Green’s function, the move is accepted with
probability

YR TR, R, 7) } 7 (10)

lYp(R)]? TR, R, 7)

as prescribed by the detailed balance condition. We denote by T the drift-
diffusion part of the Green’s function G. Finally, the weight of the walker is
multiplied by exp[S(R',R, 7)]. In practice, we employ the improved version
of G presented in Ref. [12].

p=min{1,

3.1 An impractical route to DMC correlated sampling

Previous attempts in the literature to perform correlated sampling in DMC
adopted a simplified approach to the algorithm: they either used the same
wave function for the secondary and the primary geometry, or did not include
the accept/reject step, or completely neglected problems which occur at the
nodes. Therefore, to clarify possible misconceptions and, at the same time,
lay the building ground for our algorithm, we present in this section a correct
but impractical algorithm for correlated sampling in DMC.

Let us generate the primary walk according to Eq. 9 and the secondary
walk as specified by the space-warp transformation (Eq. 4). Two complica-
tions, absent in VMC, arise for correlated sampling in DMC. First of all, the
dynamics of the secondary walker should have been governed by an importance
sampled Green’s function, Gs5(R®',R5,7), constructed from the secondary
wave function s, and the move should have been accepted with probability
ps obtained by substituting, in Eq. 10, ¢ and T with ¢, and T}, respectively.
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However, the secondary geometry move was effectively proposed according
to the drift-diffusion Green’s function T(R',R,7)/J(R’') and accepted with
probability p defined in Eq. 10. To correct for the wrong dynamics, we should
multiply the weights of the secondary walkers by
Gs(R¥, R%,7) (11)
TR, R,7)/J(R')’
where r = ps/p if the move is accepted and r = (1 — ps)/(1 — p) if the move
is rejected. However, these products fluctuate wildly (r can be anywhere
between zero and infinity). Therefore, it is not practical to follow this route
to perform correlated sampling unless bounds can be placed on the ratios
while at the same time ensuring that unbiased results are obtained in the
7 — 0 limit.

An additional complication is the common practice in fixed-node DMC to
reject moves that cross nodes. If primary and secondary walkers were to be
treated on the same footing (ps set to zero when the secondary walker crosses
its own nodes), the weights of the secondary walkers would all become zero in
a sufficiently long run. Even though this problem can be easily overcome since
it is legitimate to do fixed-node DMC allowing walkers to cross nodes [12],
reweighting as in Eq. 11 remains impractical due to the large fluctuations.

3.2 Our accurate and efficient algorithm

Our alternative correlated sampling algorithm [10] is approximate but very ac-
curate. Given the successful implementation of correlated sampling in VMC,
we want to devise a scheme which differs as little as possible from VMC and
is almost as efficient as VMC. Also, to compute DMC energies for just the ref-
erence geometry, we have a well known algorithm including an accept/reject
step, which is efficient and has a very small time-step error. Therefore, we
wish to have a DMC algorithm which is close to our VMC algorithm for
calculating energy differences, reduces to our usual DMC algorithm for the
reference geometry, and yields results very close to the DMC limit for the
secondary geometry.

Our algorithm is based on the observation that, in the absence of the
growth /decay factor and presence of the accept/reject step, we would be sam-
pling 1?2 for the primary walk, and 1?2 for the secondary walk by reweighting
the averages with the ratio of wave functions (Eq. 7). If we stopped here, we
would be simply obtaining the VMC energy difference. To approach the DMC
limit, we then multiply the weights of the primary and secondary walkers by
the corresponding growth/decay factors. Thus, we recover the fixed-node so-
lution for the primary walk, but we do so only approximately for the secondary
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walk since the moves were not proposed with the right dynamics. To partially
correct for this, we introduce a secondary time-step as discussed below. This
algorithm must of course always give energies lower than the VMC energies
for the secondary geometries and we show in Sec. 5 that it is indeed very
accurate. We summarize our recipe as follows:

(1) We generate secondary walks from the reference walk according to the
space-warp transformation.

(2) In the averages for the secondary geometry, we retain the ratios of the
secondary and primary wave functions as in VMC (Egs. 6 and 7).

(3) The secondary weights are the primary ones which have been undone
and multiplied by the secondary growth/decay factor over the last Nproj
generations:

Neres oxp[Ss(RY, RS, 73 )]
w® = w H S AL
exp[-S(R/, R, 7)]

(12)

The last step keeps the primary and the secondary walk correlated since
the secondary and primary weights only differ over the last Npyo; generations.
Nproj is chosen large enough to project out the secondary ground state, but
small enough to avoid a considerable increase in the fluctuations. In the expo-
nential factors, we introduced 75 because the secondary moves are effectively
proposed with a different time-step, 75, in the drift-diffusion term of Eq. 9:
if the molecule is for instance stretched, the secondary electronic coordinates
are stretched and, to a first approximation, we are sampling a Gaussian with
a larger width, or equivalently a larger time-step, in the drift-diffusion term.
A sensible definition of 7 is therefore 7y = 7(AR2)/(AR?) where AR is the
displacement resulting from diffusion, and ARy is the displacement needed to
take the secondary walker from its drifted position to the position specified
by the space-warp transformation. 75 is computed over the first equilibration
blocks of the DMC run.

In the limit of vanishing displacement, the difference of primary and sec-
ondary energies and its statistical error vanish linearly, so the force and its
error are well behaved.

4 Secondary geometry wave functions

We considered three choices for secondary geometry wave functions:
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(1) The secondary wave functions have the same parameters {p} as the pri-
mary one but the coordinates are relative to the new nuclear positions:
¥s(R;, RE) = v(R;, RS, ps) with ps = p, possibly with the minimal
changes required to impose the cusp conditions.

(2) The secondary geometry wave functions at warped electron positions
are related to the primary ones at the original positions, ¥s(R$,RS,) =
Y (Ri, R, p)//J(R;). This wave function depends on the transforma-
tion (it was used in Ref. [9, b] with a different transformation) and has the
advantages that the weights W; in (Eq. 2) are unity and that the transfor-
mation of Eq. 4 maps the nodes of the primary geometry wave function
onto those of the secondary geometry wave function. Consequently, if the
primary geometry walkers do not cross nodes, neither do the correspond-
ing secondary geometry walkers. Surprisingly, it gives larger fluctuations
of the energy differences than choice (1).

3) ¥s(R;, RE) = ¥(R;, RS, ps) with reoptimized parameters ps. This choice
(6% @
gives the smallest fluctuation of the energy differences and the best po-
tential energy surface.

For choices (1) and (3) since the nodes of the primary wave function
do not map onto the nodes of the secondary wave function, it is possible
to encounter configurations for which the primary and secondary geometries
(and consequently the corresponding weights) become much different from
each other, resulting in a loss of correlation. This could be cured by placing
bounds on the differences but in this paper we have not done this because for
the systems and wave functions employed this was not a serious problem.

In reoptimizing the secondary geometry wave functions, we follow a par-
ticular procedure to keep the local energies of the primary and secondary wave
functions, for each MC configuration and corresponding mapped configura-
tions, as closely correlated as possible. The parameters in the Jastrow factor
of the primary wave function are first optimized using the variance minimiza-
tion method [13], i.e., the variance of the local energy is minimized over a
set of MC configurations sampled from the square of the best wave function
available before we start the optimization. When we reoptimize the Jastrow
parameters of the secondary wave function, we employ the same configura-
tions used to optimize the primary one, but now properly mapped through the
space-warp transformation (Eq. 4). If one uses as a starting point the primary
Jastrow recentered and only reoptimizes the linear parameters in the Jastrow
(but not the parameter & of Ref. [14]), only a very small number of optimiza-
tion steps are needed to reoptimize the Jastrow factor of the secondary wave
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function. While this scheme always works reliably for the reoptimization of
the Jastrow parameters, we sometimes have difficulty keeping the primary and
secondary wave functions correlated if we optimize the determinantal part as
well. Therefore, for the determinantal part, we choose to simply recenter the
determinants, and follow the above procedure only for the optimization of
the Jastrow component. On the other hand, if the determinantal part of the
wave function is obtained using a quantum chemistry package, we can sim-
ply reoptimize the determinantal part by rerunning the Hartree-Fock (HF)
or multi-configuration self-consistent-field calculation (MCSCF) for the sec-
ondary geometries. However, in this case, the determinantal parts of both the
primary and the secondary geometry wave functions are not optimized in the
presence of the Jastrow factor.

We calculate all molecules with choice (1) but also demonstrate the supe-
riority of choice (3) for all-electron By and pseudo Siz. For Bs, we reoptimize
only the Jastrow part while, for Sis, we present also results with the determi-
nantal part reoptimized using the quantum chemistry package GAMESS [15].

5 Results

The algorithms presented in the previous sections are tested in all-electron
calculations of the first-row homonuclear dimers and in pseudopotential cal-
culations of the Siy dimer.

For the all-electron dimers, the primary wave functions [14] were opti-
mized close to the experimental bond length by the variance minimization
method. The potential energy curves were obtained with correlated sampling
from ten geometries, using the warp transformation and recentered secondary
geometry wave functions (choice (1) above). Values of Npo;7 of 5-10 H™!
were sufficient to project out the secondary wave functions.

Before presenting results for the bond lengths and vibration frequencies,
we discuss some of the tests we performed on our method. We first verified
that, over a large range of atomic displacements, computing the energy differ-
ence between primary and secondary geometries with our correlated sampling
method is more efficient than performing independent runs. In Fig. 1, we
show the efficiency gain obtained with our VMC and DMC correlated sam-
pling algorithm for Li,. The gain is given by the ratio of the root-mean-square
fluctuations of the relative energy obtained with correlated sampling and the
one derived from two separate runs. The gain diverges as the secondary ge-
ometry approaches the primary one, and is more than a factor of 30 even for
displacements as large as £+ 0.2 a.u.

To further ascertain the efficiency of our algorithm, we performed two ad-
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Figure 1. VMC and DMC efficiency gain for Lis from using correlated sampling to compute
the energy difference between the primary and secondary geometries, instead of performing
independent runs.

ditional calculations for By; in the first, we omitted the warp transformation,
whereas in the second we employed reoptimized, rather than recentered, Jas-
trows in the secondary wave functions. In Fig. 2 (upper plot), we present the
VMC root-mean-square fluctuations (oymc) of the relative energy of primary
and secondary geometries divided by the atomic displacement, AE/AR, for
Bs. Introducing the warp transformation yields a reduction of about a factor
of 3.5-5 in oymc, which corresponds to a factor of 12-25 saving in computer
time. Moreover, oymc is only slightly dependent on the secondary geometry
used. As expected, a further reduction in oyyc is obtained when the space-
warp transformation is used in combination with reoptimized, rather than
recentered, secondary geometry wave functions. The space-warp transforma-
tion was found to be of even greater help for heavier molecules, e.g., for Fa
the reduction in the fluctuations was at least a factor of 3.5-10. In fact, in
the absence of space-warp transformation for Fs, it is even difficult to reliably
estimate the statistical error of secondary geometries that differ considerably
from the primary one.

It is clear that the gain in efficiency due to using the space-warp trans-
formation is greater for all-electron than for pseudopotential calculations. To
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Figure 2. VMC fluctuations (oywmc) of the relative energy of the primary and secondary
geometries divided by the bond stretch for all-electron Ba (upper figure) and pseudo Sia
(lower figure). If correlated sampling were not used, oyvyc would diverge at AR = 0.
The smallest oynmc is achieved by using warping along with reoptimized secondary wave
functions.
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Figure 3. Potential energy curve for By in VMC and DMC. The three DMC curves are
obtained with three different primary geometries (equilibrium, stretched by 0.2 a.u. and
—0.2 a.u.) and using recentered wave functions. All curves are shifted with the energy at
the equilibrium distance (arrow) defined as the zero. Atomic units are used.

answer the question: “what, if any, gain is obtained in pseudopotential cal-
culations”, we calculate the force AE/AR for the Si» dimer and plot the
corresponding oymc in Fig. 2 (lower plot). The primary geometry wave func-
tion used is a HF determinant optimized in GAMESS, multiplied by a Jastrow
factor optimized in variance minimization. The three curves are analogous to
the ones for By, and are obtained by recentering the wave function with and
without space-warp transformation, and by reoptimizing the Jastrow factor
at the secondary geometries. Employing the warp transformation yields a
reduction of about a factor of 2, which corresponds to a non-negligible saving
in computer time of a factor of 4. As in the all-electron case, oymc is fur-
ther reduced if the space-warp transformation is used in combination with a
reoptimized secondary wave function.

To test the accuracy of our DMC correlated sampling algorithm, we per-
formed DMC runs for Hy and B, for three different primary geometries, (a)
the equilibrium geometry, (b) a geometry stretched by 0.2 and (¢) by —0.2
a.u, keeping the wave functions independent of the choice for the primary
geometry. The runs (a), (b) and (c) should give identical potential energy
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curves if the algorithm were exact. In Fig. 3, we show results for By that
reveal the high accuracy of our DMC algorithm: the three DMC curves are
very close and clearly distinguishable from the VMC results. These results are
confirmed by the calculations for Hy where, despite the use of an intention-
ally poor wave function, the three curves gave the equilibrium bond lengths
(a) 1.4014(2) (b) 1.4014(2) and (c) 1.4015(2) a.u. The true equilibrium bond
length, from a careful fit to the results of Ref. [16], is 1.4011 a.u.

To test the improvement resulting from employing 75 # 7, we performed,
for Hy, DMC correlated sampling with 75 =7. Since 75 >7 for AR >0 and
Ts < T for AR <0, we expect this potential energy curve to yield an equilibrium
bond-length that is too short. The equilibrium bond length is indeed 1.4003(2)
a.u., which is 4 standard deviations from the true bond-length, whereas that
obtained with our 7, #7 algorithm, 1.4014(2) a.u., is 1.5 standard deviation
from the true bond-length.

Having ascertained the accuracy and efficiency of our algorithm, we com-
puted the bond lengths of all first-row dimers with VMC and DMC correlated
sampling. In Table 1, we list the errors in the bond lengths obtained from re-
stricted Hartree-Fock (RHF) [17], LDA [18], GGA [19], VMC and DMC. The
RHF results show the worst agreement with experiment, with Bes not being
bound. The DMC errors are, in all cases, either smaller than or comparable
to those from VMC, and the root-mean-square deviations from experiments
in DMC are smaller than in LDA and GGA by a factor of 3.9 and 2.6, respec-
tively.

Table 1. Experimental bond lengths [20] of first-row dimers and theoretical errors in
RHF [17], LDA [18], GGA [19], VMC and DMC (in a.u.).

molecule Expt. RHF LDA GGA VMC DMC

Lis 5.051 0.270 0.069 0.057 0.101(2) 0.018(3)
Bes 4.630 - -0.109 -0.001 -0.069(3) -0.014(5)
B2 3.005 0.086 0.025 0.042 0.018(2) 0.002(2)
Cs 2.348 -0.007 0.006 0.023 0.006(2) 0.008(1)
N, 2.074 -0.061 -0.006 0.011 0.012(2) 0.007(1)
0, 2.282 -0.107 -0.012 0.044 0.028(2) 0.023(4)
Fy 2.668 -0.161 -0.053 0.040 0.021(4) 0.015(5)
rms - 00 0.054 0.036 0.049 0.014

If one is interested not only in the force but also in the vibration fre-
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Table 2. Error in the bond lengths, Are (in a.u.), and vibration frequencies, Af (in cm™1)
of Sis from VMC and DMC using various trial wave functions. We indicate whether the
HF wave function or a MCSCF wave function was used for the antisymmetric determinan-
tal part, and whether the determinantal (D) and the Jastrow (J) parts of the secondary
geometry wave functions were recentered or reoptimized. The numbers in parentheses are
the statistical errors. The experimental bond length is 4.244 a.u. and the experimental
frequency is 510.94 cm~1 [20].

Wave function Ar, Af

D J VMC DMC VMC DMC
HF recent. recent. -0.039 (5) -0.017 (5) 109 (7) 48 (7)
HF reopt. recent. 0.000 (5) 0.006 (5) 33 (7) 11 (7)
HF reopt. reopt.  0.020 (5) 0.007 (5) 40 (7) 3 (7)
MCSCF recent. recent. 0.005(5) 0.004 (5) 78 (7) 31 (7)
MCSCF reopt. recent. 0.033 (5) 0.013(5) -5(7) -7(7)
MCSCF reopt. reopt. 0.024 (5) 0.013(5) 14 (7) 1(7)

quency, then it is necessary to reoptimize at least the determinantal part of
the secondary geometry wave functions for an accurate estimate of the second
derivative of the energy with respect to atomic displacement. We demon-
strate this for the Siy molecule in Table 2, where we give the VMC and DMC
equilibrium bond lengths and the vibration frequencies for six wave functions.
The wave functions employ either a HF or a MCSCF determinantal part. (For
the MCSCF we included the 45 most important determinants resulting from
single and double excitations within the s and p valence atomic shells.) The
primary geometry was chosen to be the experimental equilibrium bond length
and the Jastrow factor of the primary geometry wave functions was optimized
by variance minimization. The VMC energies at the primary geometry are
-7.637(1) Hartree and -7.633(1) Hartree for the HF- and the MCSCF-Jastrow
wave function, respectively. It may seem surprising that the MCSCF-Jastrow
wave function has a slightly higher energy than the HF-Jastrow one. The rea-
son is that the determinantal part of the wave function was not reoptimized
in the presence of the Jastrow.

One expects that, if the secondary geometry wave functions are not reop-
timized, the calculated vibration frequencies will be too high. The numbers
in Table 2 confirm this expectation but they also indicate that it is probably
sufficient to reoptimize just the determinantal part of the secondary geometry
wave functions. There is a clear tendency for bond lengths from calculations
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employing the MCSCF determinants to be longer than those from calcula-
tions employing the HF determinant. The reason for this is that the MCSCF
determinants are better able to describe the dissociated molecule than the HF
determinant and consequently the energies at long bond lengths are lowered
relative to the energies at short bond lengths.

6 Comparison to variance-reduced Hellman-Feynman method

Unfortunately, there has not been any study of the relative efficiency of our
correlated sampling technique with the variance-reduced correlated sampling
technique of Assaraf and Caffarel [6] but some statements can be made about
the merits of each method.

The Hellman-Feynman expression for the ¢* component of the force is

(F) = [ RoRFR®R) / JE (13)

where F;(R) = —V,V(R) and V(R) is the potential energy. This expres-
sion, used in VMC, has an infinite variance: (F,(R)?) is infinite since F,(R)
diverges as 1/r?, where r is the distance of an electron from the nucleus.
Instead, Assaraf and Caffarel calculate the expectation value of

. H

Fy(R) = F,(R) + [7‘” - Tﬂ Z, (14)
where H is Hermitian and consequently the expectation value of the additional
terms is zero for Monte Carlo configurations sampled from [¢|?>. They make
the simple choice H = H and ¥ = Q, where Q is chosen such that the
leading divergence of F,(R) is cancelled. Consequently, F,(R) diverges only
as 1/r and (F,(R)?) is finite. The remaining 1/r divergence in F,(R) could
be possibly removed with an appropriate choice of ¢ [21].

The advantage of this modified Hellman-Feynman method is that it is not
necessary to calculate reoptimized secondary geometry wave functions and the
Hamiltonian acting on them. Consequently, it becomes more efficient than the
correlated sampling method if many components of the force need to be cal-
culated. The disadvantage of this Hellman-Feynman method is that it is not
a zero-variance method in the limit that the trial wave function v becomes
the true wave function. Another disadvantage is that the fluctuations of the
force grow rapidly with increasing nuclear charge because @ is proportional
to the nuclear charge Z and also because, for large Z, electrons are on average
closer to the nucleus. The statistical errors of the correlated sampling tech-
nique also grow with Z but not as rapidly. Unfortunately, we cannot make
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this comparison more quantitative since insufficient details of the lengths of
the Monte Carlo runs and the statistical errors are provided in Ref. [6]. Yet
another disadvantage is that since the distribution sampled in DMC is the
mixed distribution, ¥rn1, and since the Hellman-Feynman operator does not
commute with the Hamiltonian, the force calculated from the usual “mixed
estimator” has an error that is linear in the difference between pN and .
A force with an error that is quadratic in the difference was calculated by
Assaraf and Caffarel from the extrapolated estimator 2Fpyvc — Fyvme but
this leads to a somewhat larger statistical error. Alternatively, the forward
walking technique [2] can be used to eliminate the error but this increases the
statistical error even more.

7 Conclusions

We presented an efficient method to compute numerical forces and vibration
frequencies in DMC, a long-standing unsolved problem in QMC techniques.
The method is very accurate and was tested on first-row dimers, where the
DMC bond lengths were found to agree with experiment better than those
from HF, LDA, GGA and VMC.
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