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The wave function usually employed in quantum Monte Cai@MC) electronic structure
calculations is the product of a Jastrow factor and a sum of products of up-spin and down-spin
determinants. Typically, a different Jastrow factor is used for parallel- and antiparallel-spin
electrons in order to satisfy the cusp conditions and thereby ensure that the local energy at electron—
electron coincidence points is finite. However, when the Jastrow factor is not completely symmetric
under interchange of the spatial coordinates of the electrons, the resulting wave function may not be
an eigenstate of the spin opera& For the Li and Be atoms, we evaluate the spin contamination

in a variety of wave functions with progressively higher body-order correlations in the Jastrow
factor. The spin contamination is found to be small for all the wave functions3400 °), the
smaller values being obtained for the more accurate wave functions. On the other hand, if we
eliminate the spin contamination by employing a symmetric Jastfamd sacrificing the
parallel-spin cusp conditignthe resulting wave functions typically have about 20%—-40% larger
root mean square fluctuations in the local energy. A wave function which both satisfies the cusp
conditions and has definite spin can be constructed, but for systems with many electrons, its
computational cost is higher than for the commonly used QMC wave functiond.998 American
Institute of Physicg.S0021-960808)02720-3

I. INTRODUCTION are the product of a determinantal part and a Jastrow part but
have different functional forms for the Jastrow factor. We
In conventional quantum chemistry methods such as themploy Jastrow factors, including progressively higher body-
configuration interaction method, approximate wave funcorder correlationd* All the parameters entering in the dif-
tions are constructed to be antisymmetric and have the spifarent wave functions are optimized using the variance mini-
and space symmetry of the true wave function. Howeveryi; ation method:® All our wave functions that obey the
since the wave functions are expressed as linear combingys, conditions have a very small spin contamination which

tions of a finite number of determinants of smgle—partlclege,[S even smaller when higher-order correlations are in-

orbitals, the wave functions do not satisfy the cusp Cond"cluded in the wave function. On the other hand, the use of a

tions at electron—electron coincidence points and, conse- . o .

e symmetrical Jastrow, violating the parallel-spin electron cusp
quently, have infinite local energy there. One of the advan: diti ield functi ith : taminai
tages of quantum Monte Carl@MC) methods compared to condition, yields a wave function with no spin contamination

the conventional quantum chemistry methods is that JastrO\P/Ut at the price of a significant increase in the fluctuations of

factors can be employed to construct compact wave func local energy.

tions that satisfy the cusp conditions. On the other hand, " Sec. Il, we discuss the form of the QMC wave func-
these wave functions are not, in general, eigenfunctions dfons and in Sec. Il the cusp conditions that the true wave
the spin operatoB?.1 A wave function which both satisfies function must satisfy. In Sec. IV, we derive formulas for

the cusp conditions and is an eigenfunctionf can be separating the spin components of a wave function and for

constructed, but its computational cost is substantially highe‘rﬁllcmaﬂngI the spin contam|na_t|on. The _quantum _Mor_1te
Carlo method used for calculating the spin contamination

than for conventional QMC wave functions.

In the present paper, we show how one can determin@nd its effect on charge density is discussed in Sec. V. In
the spin contaminatiof$3i.e., the admixture of spurious spin S€c. VI, the spin contamination is calculated for a variety of

components, in a given QMC wave function and derive eXJ_i and Be wave functions. In Appendix B, we further discuss
pressions to separate the various spin components presentG#sp conditions and present two wave functions for which
a spin-contaminated wave function. As examples, we evaluthe usual prescription for the Jastrow factor fails to satisfy
ate the spin contamination in several QMC wave functionghe cusp conditions. In Appendix C, we use the Li and Be
for the Li and Be atoms. All the wave functions we consideratoms to illustrate the formulas derived in Sec. IV for evalu-

ating the spin contamination. The forms of the QMC wave
dpresent address: Department of Physics, University of lllinois at Urbanafunctions we used in the calculations are presented in Ap-
Champaign, Urbana, lllinois 61801. pendix D.
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Il. QUANTUM MONTE CARLO WAVE FUNCTIONS

| Fa(fy...in) =2 diD{(ry,...fy)
A wave function¥ for an N-electron systemN=N, !
+N)) in an SZ‘=(NT—N1)/2 state can be decomposed in xD%(rN e, 6)
terms of its spin components as 1

Quantum Monte Carlo wave functions employ the same
form for ® (though often with reoptimized values of the
wave function parameters and a Jastrow factor

J({rij .} Ariot1Si}) depending on the interelectron dis-

K
‘I’(I‘lsl,...,I’NSN)ZiZl Fi(l'l,...,rN)é’i(Sl,...,SN)

= AFi(ry...rn) §a(s1,--.Snh tances{r;;}, the electron—nuclei distancef;;,}, and the
1) electron spins{s;}. The spin-assigned wave function is then
Where \IIQMC:Fl(rl,...,rN)
{a(s1, - s =xq(S0) - - xp(Sn,) =3 a2 diD{ (ry,...ry,)
I
Xx, (s xS 2
Xl( NT+1) Xl( N) (2 XDil(rNT+1a---urN)- @

The sum in Eq. (1) extends over the K:(NT) We point out that we have used the same synditol denote
=N!/(N;!IN!) spin functions(or spin assignments; gen-  poth the full space-spin Jastrow factd¢{r;; ,},{ri },{si})
erated by permuting particle indicesdp, and. Z is the total  and its first spin-assigned componem({r; ,},{ri.o})
antisymmetrizer. It follows from the antisymmetry fun- =G (r,,....r\) but the meaning should be clear from the
der the interchange of particle indices that each fundfipis  context.

antisymmetric under the interchange of like-spin electrons  The wave functior? must be an eigenstate &8¢ and
and that the~; are all the same except for a relabeling of thes, . (For Hamiltonians with spherical or cylindrical symme-
particle indices and a change in sign for odd permutations.try it must also be an eigenstate lof andL, or L,, respec-

Since the spin functiong;(sy, . .. ,sy) form an ortho- tjvely. Since the spatial dependence of the Jastrow factor is
normal set, expressed only in interparticle coordinates, it is invariant un-
der spatial rotations and does not affect the spatial symmetry
AT SNE(S1, - S0 =81, (3) de_termined l_3y the determinantal p}arWe e_mploy N,
Spyee SN spin-up functions andN, spin-down functions in construc-

. - tijon of the spin functions, and consequentilyis an eigen-
thg expectatlon va!ue of an operator that.'s mdepgndent Qftnction ofS,. It is shown in Sec. IV that it is an eigenstate
fslfr;'::tilosnt\rlleofalzgf 0';;’\/: ;tsi’zl ;Bﬁcgjcllr)( :nUsymmetnc WaVe st 32 if the functionsF; satisfy certain linear relations. The
Itis sometjimes conv%nient {0 ex r,es?al.wave funcifon quantum chemistry wave functior are constructed to be
P eigenstates of°. It is apparent from Eq(4) that if the Ja-

as a product of function® and J that are, respectively, ; : ;
. . . . strow factorJ is symmetric under the exchange of just the
antisymmetric and symmetric under particle exchange. Ex-

g . : . spatial coordinates of any pair of electrons, i.e Gjfis in-
panding each o andJ in terms of its spin components, we d d f th heF . h I lati
obtain ependent of, then theF; satisfy the same linear relations

that thef; satisfy and, therefore} is an eigenstate o? if

W(FSq e i) =P (1S, IS I (TSt F SN @ is. However, as discussed in the next section, the com-

« monly use(_:i.forms_ of the Ja_strow factor are chosen to satisfy

cusp conditiongdiscussed in the next sectjoand are not

Z’l fi(rl’---'rN)gi(Slv--’SN)) invariant under the exchange of just the spatial coordinates
of two opposite-spin electrons and, consequently, the Jastrow
factor can introduce spin contamination into the wave func-

Gi(rl,...,rN)gi(sl,...,sN)) tion. In practice, we find that the spin contamination is very
small for optimized wave functions. As discussed in Sec. IV,

K
X

i=1

K the spin symmetry can be enforced without violating the
2241 Fi(ry,...rn)&i(se,...5h), (4 cusp conditions by projecting out a pure spin component
from a contaminated wave function. However, we show in

whereF;=f;G; and we have used the relatigr; =&, ;; - Appendix A that this increases the computational cost of
The usual guantum chemistry wave functions haveevaluating expectation values of spin-independent operators
J=1 and from being@(N®) to Z(N3XN).
Nget
®=2, diD;i(rS1,.... NS\, (5) . CUSP CONDITIONS
i=1

The true wave function must satisfy a set of “cusp con-
whereD(rs,,...,FySy) is @ determinant oN spin orbitals.  ditions” which prescribe the proper derivative discontinuity
In that case, at the collision points and ensure that the divergence in the
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local potential is canceled by an opposite divergence in theic wave function is a factor gfN!/(N;!N,!) ] more expen-
local kinetic energy. Katofirst rigorously derived these con- sive: one has to explicitly perform the sum in Ed) unless
ditions as a general property of Coulombic systems. Hehe Jastrow factor is independent of spin. As shown in Ap-
showed that in the limit that two particles of massesand  pendix A, the computational cost for evaluating expectation
m; and charges); andq; approach each other and all other values of spin-independent operators/igN) greater for a

interparticle distances remain larger than zero, spin-projected wave function than for the spin-assigned func-
tion F,, and consequently it is more efficient to use spin-
P assigned wave functions in QMC calculations.
- = uijdiq;W(ri;=0), (8)
iyl o

IV. SPIN CONTAMINATION

wherew; =mm;/(m;+m;) is the reduced mass of the two- e now derive the conditions that the functidhs[Eq.
particle subsystem andl is the average o over an infini-  (4)] must satisfy in order fol to be an eigenstate &.
tesimally small sphere centered at;=0. Pack and Since the wave functions used in QMC calculations are usu-
Byers-Browif generalized Kato’s result by solving the mul- ally not normalized, we do not assume a normaligedSup-

tiparticle Schrdinger equation in the neighborhood of a two- poseV is an admixture of different spin components,
particle coincidence. Writing the wave function near such a

collision point,r;;=0, as
V=2 Vs, (1D)
| S

| mz’q fim(1)1'Y1m( 6, ), (9 whereW is the component o¥ in the spinS subspacé)s.

0 V¢ can be projected out from¥ using the spin projection
wherer=r;;, 0=20;;, ¢=d¢;;, and theY,,(6,¢) are the operator®
usual spherical harmonics and, expandin§,(r)
=3_o"f(rk, they found for electron—electron collisions,

"P =
|

M s

$-5(s'+1
ve=[] ( ) v, (12)
s |S(S+1)—S'(S'+1)

fim(r)=F9 1+ r+0(r?)|. (10)

2(1+1) When there is more than one state(ly, Vg can be further

. . . d d into theses d téwith t t0S?
The termsr'Y,,(6,¢) in Eq. (9) are analytic functions ecomposed into thess degeneratdwith respect toS")

that can be well described by the determinants appearing intate

Eq. (7), while the termg 1+ [1/2(1+1)]r] are nonanalytic

functions of the individual electron coordinates, having Ns

cusps of magnitudgl/2(1+1)] (though they are of course V= 121 Ci¥i (13

analytic functions of the interparticle distance The local

energy at the collision point is finite provided that the cusp-with normalizedy; .

condition[Eg. (10)] is obeyed for the lowest valug appear- Diagonalizing the operatds? is generally the most effi-

ing in the sum in Eq(9). ~ cient way to perform the projection. The total spin operators
Cusp conditions are imposed on QMC wave functionsg are sums of the corresponding single-electron spin com-

by multiplying the spin-assigned wave function by an appro- 2 _ o .
priate Jastrow factor that has the correct cusps. The usuanentSS"“ for a=Xx,y,2. The operatos” can be rewritten

practice is to employ a Jastrow factor with a cusp of 1/4 forIn terms of lowering and raising operators as
parallel-spin electrons and a cusp of 1/2 for antiparallel-spin
electrons. The former condition is always correct, while the  $2=352-§,+5"5"
latter is subject to some caveats, as discussed in Appendix B.

The fully antisymmetric wave functio® of Eq. (5) is a0 2 h N h Apal
only four times as computationally expensive as the spin- :SZ—SZ+§1 SiSi +;j Si S
assigned wave functioR; [Eq. (7)] since the cost of evalu-
ating the determinant of aNxX N matrix scales ag’(N3).  The first three terms 2 are diagonal, while the last term is
However, once the cusp conditions are satisfied by employrondiagonal and exchanges the spins of a spin-up spin-down
ing a Jastrow factor, the construction of a fully antisymmet-pair. Hence,

(14)

N,+S2-S, if i=j,
@ijz<§i|§2|§j): 1 if ¢ and {; are related by a single exchange of a spin-up spin-down p&i5)
0 otherwise.
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The ® matrix is symmetric and hence can be diagonal- K
ized, Fi=> T,;F;=0, if S#S, (22)
=1

O=T'DT, (16 _
, where§; is the spin value of;. These are the linear rela-
where T is orthonormal andD;;=6;;S(Si+1). From the 5ns that theF,'s must satisfy for¥ =3,_,XF; ¢, to be a
orthonormality ofT, we obtain pure spinS state.

K K We define the spin contamination¥fto be the norm of
T= EFti=> Eé the components other than the desired sp® compo-
e "z, h o other than the d d spB®
i=1 i=1 nent divided by the norm o¥,
K K
~ ~ ! ! o2 2
(=X T ¢, F=2 TR 17) 2_ (Vg¥g) _ (PH{S*—S(S+1)}%| V)
= )= (¥[w) (¥[w)
The {4} are the eigenstates &°. Suppose; has spin ei- S ous[S(S+1)— S(S+1)T2 N E 2
genvalueS(S+1). If there is more than one state g, _ = < 3 :
F 4 need not equal any;; in Eq. (13) and, in fact, need i JATrF

not even be antisymmetric. Nevertheless, summing over the 2 2
N _ 3, (S+1)—S(S+1)]%c
degenerat&? states, we obtain the sp®component of¥’, _ThS7S [SGS+D - e
2
Ns Ns DI

: (23

\PS:; Ci‘/’i:zl R g, (18) where we used Eq€18), (19), and (21) and the orthonor-
o . _ _ ~ mality of the stateg; .
which is antisymmetric. Thereforel’s can be obtained ei- So far, we have given formulas to compute and to elimi-
ther by using the projection operatf@q. (12)] or from Eq.  nate the spin contamination of a trial wave function. In Ap-
(18). Since both{ g} and{4;} are orthonormal sets, if we pendix C, we illustrate the above formulas using the Li and
square Eq(18), sum over spin variables, and integrate overge atoms as examples and, in the case of Li, we prove that a

the spatial coordinates, we obtain spin-dependent two-body Jastrow factor always yields a non-
Ng Ng zero spin contamination. The explicit formulas for comput-
> 2= | M. (19 ing the spin contamination in QMC are provided in Sec. V.
=1 i=1

If we start from a wave functiol’ that satisfies the cusp
conditions but is not an eigenstate $% we can project out V- EXPLICIT FORMULAS FOR QMC CALCULATIONS
a wave functionW ¢ that both satisfies the cusp conditions . L
) ) A ) ) ) We now show how the spin contamination is calculated
and is an eigenstate &. We show in Appendix A that, in QMC calculations. Note that, from the exchange property
QMC calculations, the computational cost of evaluating ex-; Fi,
pectation values of spin-independent operators increases
from 2(N3) to (N3XN) if ¥ is used instead o¥. K
Suppose that we are interested in constructing a trial f dNr Y Fizsz d*NrF2, (24)
wave function with a spirs but that¥ contains an admix-

i=1
ture of spin states¥ can be decomposed as Therefore, we can samplézl and computess? using

\I’:\Ps"‘ E ‘l,sr, (20) Fz
s'#S 582:j d3Nr—1
2
where the second term is the spin contamination and, for the f daNrFl

wave functions usually employed in quantum Monte Carlo,
is much smaller tha 5 in magnitude.

i 5+s[Si(S+1) - S(S+1)]F?
X .

Operating with{ $?— S(S+ 1)} on ¥ annihilates the spin K X 2 (29)
S component of¥, leaving the components &F with spin 1
not equal toS, The Monte Carlo implementation of this formula consists of
\P’S={§2—S(S+ L ;gnmplmg the electron coordinates from the normalized func-
= > [S(S'+1)—-S(S+1)]¥g. (21) F2
S'#S — (26)
Jd3NrF2

The condition of no spin contamination can be defined as
=0 or, equivalently¥s, =0 if S'#S. SinceWs canbe  and averaging the term in square brackets over the sampled
expressed in terms éf, the condition can also be written as points.
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TABLE |. Spin contamination §S?) obtained in VMC for different wave functions for the ground state of Li
and Be.b andb’ are parameters that enter in the Jastrow faldfay. (D6)]. The subscripts 1 and 0 indicate
parallel and antiparallel, respectivellfy,,c is the total energy in VMC andrc is the root mean square
fluctuation of the local energy in VMC. The exact nonrelativistic energy of the ground stat&.i78 06
hartrees for Li and-14.667 36 hartrees for B@Ref. 10. All the energies are in hartree atomic units.

Atom Wave function b, b, b’ Evme Tumc 552
Li
V5 bocy 12 14  bj=bj ~7.473894) 0243  0.000 092)
1/2 1/4 b1 #bg —7.474 274) 0.242 0.000 044)
V3 bocy 12 12  bl=b) ~7.477801)  0.046 0.
1/2 1/4 bi=by —7.477 881) 0.038 0.000 05@)
1/2 1/4 b1 #bg —7.477 881) 0.037 0.000 03@)
W41-body 12 U4  bl=b) —7.477961) 0028  0.000 020
1/2 1/4 b1 #bg —7.477 961) 0.028 0.000 00®)
Be
W5 body 1/2 1/4 bi1=by —14.660 715) 0.348 0.000 7&)
1/2 1/4 b1 #bg —14.660 885) 0.345 0.000 1Q)
V3 ocy 12 12  bj=b, —14.6654%1) 0122 0.
1/2 1/4 bi=b} —14.666 011) 0.095 0.000 3@)
1/2 1/4 b1 #bg —14.666 621) 0.089 0.000 1Q)
W 4 bocy 12 14  bj=b, —14.666771) 0.076  0.000 2@)
1/2 1/4 b1#b} —14.666 771) 0.073 0.000 0®)

The density operator is defined aér)=3N,5(r—r;), V|- RESULT AND DISCUSSION
and the single-particle density for a normalized wave func-

tionWisSg . ¢ fd®™r p(r)W2 If ¥ is not an eigenstate

of &2, the density associated with contains contributions
from other spin components.

Suppose that the spifi stateW g is the dominant com-
ponent of¥. It can be projected out fron¥ using Eq.(18),
and the portion of the density df resulting from other spin
components is

Using Eq.(25), we have calculated the spin contamina-
tion of several trial wave functions of the Li and Be atoms
discussed in Appendix D. All the parameters occurring in the
determinantal and Jastrow parts of the wave functions were
optimized using the variance minimization methdd.

For each of the two atoms, we construct seven wave
functions. They are grouped according to the Jastrow factor
used, i.e., W5 podys W3.podys aNd Wy poqy- The first wave
function forW;_p,qyhas a completely symmetric Jastrow un-

sp(n= 3 ENoer) (V2-wg der interchange of the spatial coordinates of two electrons:
p(r) R rp(r) [dNrp2 the parallel-spin electrons are correlated with the sd@ne
L term [Eq. (D6)] as the antiparallel ones{=by=1/2 and
o F2 | p(r)(w2—w2 bi=Dby{), so that the cusp condition for parallel §pin electrons
= SI'Z_ s d>r [ENrF2 KX F2 is violated. This wave function is an eigenstatestfi.e., the

spin contamination is zero. The other six wave functions
2 satisfy the cusp conditions both for antiparallel- and parallel-
:f 3Ny ! (27) spin electronsl§y=1/2 andb,=1/4) but are not eigenstates
Jdr F3 of $2, i.e., the spin contamination is not zero. Ea&R oqy
group contains two wave functions differing only in whether
Therefore, we sample the electron coordinates from the notthe constrainb; = by is imposed ob; andb/, are allowed to
malized function of Eq(26) and average the term in square vary independently.

;)(V)Ei,g;esrziz
KX F2

brackets of Eq(27) over the sampled points. In Table I, we list the spin contaminatiofS? for our
Integrating Eq/(27), we obtain wave functions. We also give two quantities that are mea-
sures of the quality of the wave functions: the total energy
Ei’S¢SCiZ obtained in variational Monte CarleyMC), Eypmc , anq the
dr 5p(l’)=Nﬁ. (28) root mean square fluctuations of the local energy in VMC,
i=1Ci oymc - For all the wave functions studied, the spin contami-
nation is small.
Comparing Eqs(23) and Eq.(28), it is clear that the numeri- The first thing to notice in Table | is that when higher

cal value of spin contamination can be used to estimate itsorrelations are included, not only ai,,c and oyuc
integrated effect on the density. In the case that the spiimproved; but the spin contamination is also significantly
contamination arises from a single spin component there is eeduced.

precise relationship between the two quantities. The wave functions with the symmetric Jastrow factors,
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which have no spin contaminatio®$’=0) and violate the cost in evaluating expectation values by a factomNofFor
parallel-spin electron cusp conditions, yield valuesogfc small systems, this choice is feasible and is probably the best
that are larger by 21% and 24% for Li and 28% and 37% forchoice if very high accuracy is required but it becomes im-
Be, as compared to the other two three-body correlatiompractical for large systems. A compromise solution is to con-
wave functions which satisfy the cusp conditions. struct wave functions of the first type by minimizing not only
The wave functions in whiclb; andb are allowed to the variance of the local energies but also the spin contami-
vary independently have spin contaminations that are muchation. This, of course, results in an increased computational
smaller than those for the unconstrained wave functions. lost of 7(N) for the optimization of the wave function but
Li, spin contamination decreases by a factor of 2.2 fornot for the Monte Carlo runs subsequently performed with
W5 bodys 1.6 for W5 poqy, and 2.4 for?,_poqy, while, in Be,  the optimized wave functions. At the present time, it is not
the corresponding reductions are 5.8, 2.4, and 3.8, respeclear how much of a further reduction in the spin contami-
tively. This improvement occurs despite the fact that the im-nation could be achieved by doing this.
provements in the other two measures of wave function qual-
ity, Eymc and oyyc, are relatively modest. ACKNOWLEDGMENTS
Quantum Monte Carlo has been used to calculate accu-

rate charge densiti€sfrom which other accurate density Hiscussions, and David Ceperley for pointing out that the

functional quantities can also be obtained and compared with | .. . ) .
additional computational cost of computing expectation val-

the corresponding quantities obtained from the commonly . : : . .
. . : : .~ —ues of spin-projected wave functions increases only linearly
used approximate density functionals. Since the approximate. .
: : . . with the number of electrons. The calculations were per-
functionals yield densities that differ only on the order of 1%
o . . formed on the IBM SP2 computer at the Cornell Theory
or less from the true density in the region where the densit

is appreciable, in order for the QMC density to yield usefulsee;rtcer:' This work is supported by the Office of Naval Re-
information, it should have an error that is no larger than say '

) - ; .
o, e, i hrhchckng 1 610110198 NC e s ExpECTATION UALUES FOR 51

. . . . PROJECTED WAVE FUNCTIONS
Since both Li and Be each have only one spurious spin com-
ponent, from Eqgs(23) and (28), we obtain that the fraction In this appendix we show that, although each spin-
of the density arising from the spurious spin component, infrojected wave functionV's, is comprised o#“(N!) spin-
tegrated over space and divided by the total electronic chargagssigned wave functiorts , the computational cost of evalu-

We thank John Morgan and Kevin Schmidt for helpful

N, is ating expectation values of spin-independent operators is
only @(N) greater for¥ g than for a particulaF;, sayF;.
Jdrép(r) 5 Following the same arguments used to derive @§),
T:C5s ' (29 we obtain that the expectation value of a spin-independent

operator,7, can be expressed as,

whereC=1/9 for Li and C=1/36 for Be. The wave func-

Ns [ BNFE R
tions used are similar to the third three-body wave functions (dellds) - i JATTROR

for Li and Be in Table | which have spin contaminations of (bslbs) =N [PV

3.2x107° and 1.3<10 %, respectively. From Eq(29) we ¢ ok .

obtain thatf dr 5p(r)/N=3x 10" both for Li and Be which SN S (S T T SN R OF,

is negligible compared both to the required accuracy and to = sK SK sNs 1 1V BNHEEL

the largest source of error, viz. the use of the fixed-node =1 %k=a(Z2 T TS Tk
approximation. (A1)

In conclusion, we have considered three options for conTherefore, the computational cost of evaluating the expecta-
structing QMC wave functions. The first _opthn, which for iy value of such an operator on the spin-projected wave
most purposes offers the best compromise, is to employ & nction W4 depends on the number of distinct integrals,
spm-gssu;ned wave fu.n_ctloﬁ1 Wlth a Jastrovy fact.or.that [F, ©F and [F; F. Since the operator” is spin-
satisfies the cusp condmogs. This wave function will in 9eN-independent and fully symmetric with respect to interchange
eral not be an eigenstate 8f but we have shown that such of particle indices, the number of distinct integrals in the
wave functions, with parameters optimized by the varianc&yumerator and denominator are the same. For simplicity of
minimization technique, have very small spin contaminationnotation, we compute this number for the denominator.
and that including higher-order correlations in the Jastrow  As mentioned in Sec. Il, the componerfis are all the
factor further reduces the spin contamination. A second possame except for a relabeling of the particle indices and a
sibility is to employ a totally symmetric Jastrow factor, but change in sign for odd permutations. Therefore, we can just
this results in a somewhat less accurate total energy and gnsider the following overlap integrals,
large (20%—-40% increase in the root mean square fluctua-
tions of the local energy, and is therefore not a good choice. BN (Fy, e P Fi(T1 e ) (A2)

A third possibility is to construct a wave function that both
satisfies the cusp conditions and is an eigenstat§’ofAs  Since theF; are antisymmetric under the interchange of like-
discussed in Appendix A, this increases the computationadpin electrons, the above integrals depé¢aside for a sign
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change for odd permutationenly on the number of up-spin occurs, for example, for the first excited state of a helium

electrons that have been interchanged with down-spin eleatom. The wave function is a combination of two determi-

trons. This number can range from zero to ip(\)), re-  nants,

sulting in{min(N, ,N,)+1} distinct integrals, a number that is _ + ot

far smaller thanT thle number &f; that comprise¥g, viz. ¥={(1s7,2s7)~(1s".2s")}, (B1)

NI/(N4INGY). where (¢1,¢,) denotes a Slater determinant constructed
For a spin-unpolarized system, this number equal§rom the orbitals¢; and ¢,, + and — indicate up- and

{N/2+1} but a further reduction is possible by exploiting the down-spin electrons, respectively, and an orbital is charac-

symmetry thatF, is invariant under the interchange of all terized by the quantum numbers, |, andm;. This expres-

up-spin electrons with all down-spin electrons, sion can be rewritten as

Fi(Te e s T2s 1aee o) W =(1s(r1)2s(rp) —2s(r1)1s(r,)) x¢(s1,S2), (BZ-)
st a3 here s o) =X (55 (55 Hence, i

The overlap integral obtained permutifidN/4|+ j} up-spin F1=1s(r1)2s(ry) —2s(ry)1s(r»), (B3)

with as many down-spin electrons iy has the same value 4 i E Trr ) — Loy — 1
. . : ) : 0.(7), Dy(r1)=1s(ry), Di(rz)=2s(r), D3(ra)
as the one obtained by permutiqgN/4|—j} unlike-spin =2s(r,), and D%l(rzl)zls(rzl). Nolte Zthat, fo? theSizlo

electron_s. _Therefore, f(?r a spm-t_mpc_;larlzed system, the NUMktate, the simplest wave function with the correct symmetry
ber of distinct overlap integrals is given iyN/4|+ 1}. has two determinanfss is clear from EqB1)] whereas, for
the S,=1 andS,= —1 states, a single determinant suffices.
This is obscured by the fact th&t; is identically the same
APPENDIX B: MORE ABOUT ELECTRON—-ELECTRON for all three S, states. However, from the form of the full
CUSP CONDITIONS antisymmetric wave functio® it is clear thatF; should be
] ) viewed as a single 2 2 determinant for thes,= + 1 states
For a given pair of electrons, the value of the cusp, acy a5 the sum of products ofxll determinants for the
cording to Eq.(10), depends on the behavior of the wave g — g state. It is clear from EqB3) thatF is antisymmetric
function at the coincidence point. It is clear from the form of andl,=1, and consequently the Jastrow factor must have a
Eq. (7) thatF, is antisymmetric under the exchange of tWo ¢, of 1/4 rather than 1/2. We can avoid all occurrences of
parallel-spin e_zle(_:trons and consequently mu_st vanish Ilnearlyozli for antiparallel-spin electrons, if we calculate only
when they coincide. Henck,=1 except possibly on a set of gtates withS,|=S. Since the expectation values of all spin-

points of measure zero whetg=3. For antiparallel-spin independent operators are independent of wiicktate we
electrons, three values bf are possiblel,=0,1,2. For most  -hgose. this is not a restriction.

statesf, is not either symmetric or antisymmetric under the
exchange of two antiparallel-spin electrons and need noj ; =2 case for antiparallel-spin electrons

vanish as they approach each other. However, for certain ) .

states, it can be shown thag must be antisymmetric and for Next, following Ref. 12, we give an example of a state
other states that it must be symmetric under the exchange herelo=2. We consider théP state of two electrons in a
two antiparallel-spin electrons. Some of tieappearing in  (2P)(3p) parent configuration. The wave function is the
Eq. (5) may be related by symmetry. Symmetry related termg§ombination of four determinants,

in the sum in Eq(5) comprise cc_)nflgu_ratlon state fun_ct|on§ W ={(2p;,3py)—(2p;.3p¢)} —{(2p¢.3p1)

(CSFs. If even one of the configuration state functions in

Eq. (5) consists of a single determinant thi=0 for that —(2pg,3p7 )} (B4)
wave function. If all the CSFs consist of more than a single

determinant then it is possible for the determinants within a =(2p1(r1)3po(r2) +3po(r1)2p1(r2)) xs(s1,S2)

CSF to cancel at the collision point leading kg=1 or —(2po(r1)3p1(ra) +3p1(r)2po(ry))

[o=2. The latter possibilitylo=2) was pointed out by Mor-

gan and Kutzelnigtf in connection with the ordering of lev- X Xs(S1,S2) (B5)
els in a multiplefc a_nd viola’gions of Hund'’s rules. _Of course, —[Rosy(r 1) Ra1(r5) — Rag(r 1) Rog(r5) ]

the usual prescription of using a Jastrow factor with a cusp of

1/2 for antiparallel-spin electrons fails if eithég=1 or X[Y12(Q1) Y10(Q2) = Y10(21) Y12(Q2) ]

lo=2, the proper cusps being 1/4 and 1/6, respectively, in X xo(S1.5) (B6)
conformity with Eq.(10). States witH ,=1 may be avoided Xs{51:52)s
by always choosing, for a given value & a state with ~where xs(s;,S2) = x1(S1) x| (S2) — x| (s1) x1(S2). Hence,F;
extremals,, i.e.,S,=*S. vanishes quadratically at the coincidence point since each of
the factors in square brackets vanishes linearly.
Unlike thely=1 case, thé;=2 case cannot be circum-
We first give an example of a state whége=1 at the vented by considering a different state with the same expec-
coincidence of two antiparallel-spin electrons. Consider theéation values. However, it occurs only rarely for ground
S,=0, 3S state resulting from a (@ (2s) configuration as state$? and consequently the usual prescription of using a

1. I,=1 case for antiparallel-spin electrons
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Therefore, from Eq(C7), ¥ is an eigenstate 08? with

spin electrons is correct for most ground state wave funcs=1/2 if ¥,,=0 or =,_,3F,=0. Substituting this in Eq.

tions.

APPENDIX C: ILLUSTRATION USING SIMPLE
EXAMPLES

1. Li ground state

The Li ground state has symmef$. ForS,=1/2, there
are three independent spin functions,

1= x (S x1(S2) x1(S3),
£o=x1(S)x (S2) x1(S3),

{3=x1(S)x1(S2) x| (S3),

(CD

(C7) we recover¥,,,=3;_,%F; {=V¥. From Eq.(23) and

B=1/3(F,+F,+F3)?, we obtain

_Jdrdrydry(SE,F)? 9c,
fdridrodrg=3 (F2 3;c?

S? (C8)

As discussed in Sec. IV, tHé's belonging to a degen-
erate subspace need not be antisymmetric but their sum is.
Here we have an example of this. Thg, and ¢;,, are not
antisymmetric but their suri¥ 5, is. Finally, note that each
of ¥4, and ¥4, of Egs. (C6) and (C7) are antisymmetric,
satisfy the cusp conditions, and are eigenstateS?of

We now prove, in the special case of a single-
determinant wave function for Li, that the use of a two-body

and the total space-spin wave function of Li can be written ag@Strow factor that is not totally symmetric in the spatial

3
‘I’:Zl Fi(r1,r2,r3)&i(s1,52,83). (C2
Antisymmetry of the wave function implies that
Fa(ry,ra,rs)=—Fy(ry,ra,r)=Fa(rs,ry,ro)
=—Fa(ra,r1,r3)=Fs(ra,ra.ry)
=—F3(rz.ra,ry). (C3)
SinceS=S,=1/2, S§—SZ+ N,=7/4, the diagonal terms

of ® are equal to 7/4 and nondiagonal terms are equal to 1,

so that @;;—S(S+1) 6;)=1. The orthonormalized eigen-
vectors of® are

1

J6

1
t1=—2(1,0,—l), t, (1,—-2,1),

2

t—l(lll)
3 3 s/

5

(C4

with eigenvalues 3/4,3/4,15/4, corresponding to total spin

1/2,1/2,3/2, respectively.
The normalized wave function, can be decomposed,
according to Eqs(11) and(13), into

J— —_ ! !
W =W 15+ V3= Cyppifrot Cippthynt Capibar-

Using Egs.(17) and (18), we can expres¥ ;, and ¥, in
terms ofF; and{;,

(CH

Vi=F 4+h &

~(F1=F3)({1—{3)
B 2

(F1—2F 4+ F3)({1— 242+ L3)
* 6

=3[(2F1—F,—F3) {1+ (2F,—F1—F3){»

+(2F3—F1—F2) 3], (Co)
1/ 3 3
Vap=F 2325(241 Fi)(gl Zj)- (C7

coordinates must result in a spin-contaminated wave func-
tion. The necessary and sufficient condition fbrto be an

S=1/2 eigenstate of? is
3

21 Fi(ro,rp,r3)=Fq(rq,rp,r3)+F(ra,ra,ry)

+Fq(rg,rq,rp)=0. (C9
A simple choice forF, is
F1(r1,ro,r3)=1s(r)[1s(r,)2s(r3)
—2s(r3)1s(ra3)], (C10

where Is(r) and X(r) are single-particle orbitals. Clearly
this choice forF; satisfies Eq(C9) and the corresponding
full wave function has definite angular momentum=L,
=0, spin eigenvalues3=S,=1/2, and is completely anti-
symmetric.

Introducing a Jastrow factor, we rewrikg as

Fa(ry,ra,ra)=1s(rq)[1s(r,)2s(rs)
—25(r5)1s(r3)]I(rq,ro,ra). (C1)
Eq. (C9) is satisfied if the Jastrow factor is completely sym-
metric,
J(ry,rz,r3)=J(rz,ra,ry)=JI(rs,ry,ro), (C12

but may not be satisfied otherwise. Substitutihg of Eq.
(C1)) into Eq. (C9 with the particle indices properly per-
muted, we obtain

18(rp)1s(rg)2s(ry)[JI(rp,rz,rq) —J(rs,rq,rp)]+1s(ry)
X1s(rq)2s(rp)[I(rz,rq,rz) =J(rq,ro,rz)]+1s(ry)
X 18(rp)28(rg)[J(rq,r,,r3)—JI(rp,ra,ry)]=0. (C13

The three orbital terms  slr,)1s(r3)2s(rq),
1s(r3)1s(rq)2s(r,), and 1s(r4)1s(r,)2s(r3) are linearly
independent. Consequently, & is a function of only
ri2,r13,r3 [@s in Eq.(D1)], it follows from the algebraic
independence af;,r,,rs,rqs,r13,r 3 that each of the terms

in square parentheses must be zero. So, in order to satisfy
Eq. (C13), the Jastrow factod must be completely symmet-

ric in the spatial coordinates as was pointed out in Ref. 1. In
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generalJ could also depend on the distances of the electrons
from the nucleust,r,,rs [as in Eq.(D2)]. In that case the
terms in the square brackets are not independent of the or-
bital terms and the proof no longer holds.

Huang, Filippi, and Umrigar

Fi=—=[(FitFotFytFo)—2(Fa+Fo)l,

V12

2. Be ground state

The ground state of Be i$S. SinceN=4 andS,=0

(Ny=2,N,;=2), there are4!/(2!2!)=6 spin stateg;,

{1=x1(SD)x1(S2) x 1 (S3) x| (S4),
Lo=x1(S)x 1 (S2) x1(S3) x| (S4),

{3=x (S x1(S2) x1(S3) x| (S4),

(C149
La=x (S x 1 (S2) x1(S3) X1 (Sa),
I5=x (S x1(S2) x 1 (S3) x1(S4),
L6=Xx1(S1)x 1 (S2) X (S3) x1(Sa)-
The ® matrix is given by
[211011]
121101
o 112110
| o11211) (€195
101121
_110112_

The orthonormalized eigenvectors ©f are

1
t=7=(11-21172), ,=5(~110-110,

NG

1
(0,0-1,0,0,2,

t3:ﬁ

(C16

1 1
t4=—2(0,— 1,0,01,0, t52—2( —-1,0,0,1,0,0,

2 5

1
t5=—6(1,1,l,1,1,1,

%

Fo=3[(Fy+Fs)—(F1+Fy)],

~ 1
F3=_2(F6_F3),

5

(C18

~ 1
FAI_Z(FS_FZ)a

%
-t

7

(Fa—F1),

Antisymmetry of the wave function implies that

Fo(ro,ro,ra,rg)=Fa(ra,ra,ry,r). (C19
The trial wave functions commonly used have the symmetry

Fa(re,ro,ra,ra)=Fq(rs,ra,rq,r). (C20
Consequently,
Fa(ry,ra,rg,rg)=Fa(ry,ro,r3,rs) (C21)

and&=0. Similarly, ;,=F,=0. Sincek;,F,,F are the
S=1 component ofF’, c,=c;=c]=0. So, if the form of the
trial wave function is such that EQC20) is satisfied, the spin
contamination comes purely from tt8&=2 component and,
from Egs.(23) and(C18), we obtain,

ste Jdry ... (S8 F)? B 36¢c5
Jdry ... d, 38 F2 3¢

(C22)

APPENDIX D: FORM OF THE WAVE FUNCTIONS
USED

All the wave functions we tested have the form of Eq.
(7) but differ in the body order of the Jastrow factor. The
two-body Jastrow factor is,
bls s lij
zi ' Vzj
“body™ expf ———|, D1
%00~ 1] D(Hb, o (DD

S,its,i 1

where the product is over all pairs of electrons. As discussed
in Appendix B, the requirement that the local energy does
not diverge at the electron—electron coincidence points re-
sults in cusp conditions on the wave function and fixes the

with eigenvalues 0,0,2,2,2,6 corresponding to total Spiﬁ/alue ofb for antiparallel- and parallel-spin electrons to be
S=0,0,1,1,1,2, respectively.

bo= 1/2 or 1/6(choosingS,= * S state$ andb,=1/4. For

The normalized approximate wave function can be deS=0 Be ground staté’ ;=b;, and for Li there is only one

composed according to Egd.l) and (13),

V=Wo+W,+W,=Cothg+ Cothp+ Crif1+Crihy +CIf]

+Cothsy. (C17

TheF defined in Eq(17) are

spin-down electron, so we limit ourselveshib, =b; but we
consider both wave functions where the constrhint b is
imposed and wave functions whebg is allowed to vary
independently oby .

It is known that a generalized Jastrow factor that explic-
itly correlates two electrons and a nucleus yields signifi-
cantly better energies and smaller variance of the local
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energie$ A similar functional form was also used by Filippi For a detailed description of these wave functional
and Umrigat for first-row molecules where the generalized forms, see Refs. 1 and 4 and references therein.

Jastrow factor is written as a product of terms of increasing In the present paper, the parameters in the two-body Ja-
body-order correlation, up to three-bogtwo electrons and a strow of Eq.(D1) were chosen as follows. The paramdigr
nucleus correlation. The wave function includes terms towas always chosen to be 1/2 in order to satisfy the
describe the electron—nucleus correlatién,the electron— antiparallel-spin cusp condition. Wave functions with
electron correlation,Bszi+SZj, and the electron—electron— b,=1/2 andb,;=1/4 were tested. The former yields a wave

nucleus correlationC, function with no spin contamination while the latter yields a
wave function that obeys the cusp conditions. For the

Lo 11 exp A DT expBs 4o (i) b= 1/23 we only considereld; =b/ in ordgr to have no spin

oY BT S2it Sz | contamination. For thé,=1/4, we considered both wave

functions for whichb;=b(, and wave functions where;

x| exp(C(rij ,Tiz o)) (D2)  was allowed to vary independently bfy. As discussed in
@] Ref. 1, a better constrained choiceldf is obtained by im-
The generalized Jastrow is expressed in terms of scaled if0sing that the logarithmic derivatives of tBeterms in the
terparticle distances, Jastrow factofEqg. (C2)] are equal for parallel and antipar-
_ o _ e allel spin electrons at large interelectron distances. This
Rie=(1—€ "io)/k, Rj=(1-e M)/« (D3)  yields different values ob, andbj, respectively, that are
and related through the scale facter[cf. Eq. (D3)] as
aRia
A= —2 (D4) 1 by
1+a'R;, bj=«|—=|1+—|—1]|. (D9)
J2 K
b|szi+st\Rij
SpitSy 1+b’ R.’ (DS) We find in fact that, when we allol; to vary independently
Szit Sz of b}, its optimized value is close to that obtained from this
C:PC(RiaijavRij)+F(Ria1Rja1Rij)1 (DG) formula.

where P¢ is a complete 5th order polynomial iR, ,R;,,

Rij, and F consists of the Fock-expansion motivated

terms®® Note that the functions andC in Eq. (D2) are spin
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