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Identities for the electron intracule densityI ~R! in atoms and molecules are derived within the
Hiller–Sucher–Feinberg~HSF! formalism. It is proven that, when applied to arbitrary~exact or
approximate! electronic wave functions, these identities produce intracule densities that satisfy a
modified condition for the electron coalescence cusp. A corollary of this proof provides a new,
simplified derivation of the cusp condition for the exactI ~R!. An expression for the Hartree–Fock
approximation to the HSF electron intracule density that contains only two- and three-electron terms
is obtained and its properties are analyzed. A simple scaling of the three-electron contributions in
this expression assures integrability of the approximateI ~R! and improves its overall accuracy.
Numerical tests carried out for the H2, He, Li1, Be21, Li, and Be systems demonstrate that the
application of the scaled HSF-type identity to Hartree–Fock wave functions affords dramatic
improvements in the short-range behavior of the electron intracule density. ©1995 American
Institute of Physics.
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I. INTRODUCTION

The understanding of electron correlation in atoms a
molecules requires abandoning one-particle quantities in
vor of those describing properties of electron pairs. One
these quantities, called the electron intracule density, h
been the object of several recent studies. L
uC&[uC~x1,...,xN!& be an eigenfunction of the electronic
Hamiltonian,

Ĥ52~1/2!(
i

¹̂ i
22(

I
ZI(

i
ur i2RI u211~1/2!(

iÞ j
r i j

21.

~1!

Let

s[r12r2 and r[~1/2!~r11r2!, ~2!

be the interparticle-distance~intracular! and the center-of-
mass~extracular! coordinates of an electron pair. The expec
tation value

I ~R!5~1/2!N~N21!^Cud̂~s2R!uC&, ~3!

is known as the electron intracule density or simply the i
tracule density.1,2 Since

dsdr5dr1dr2 , ~4!

one may rewrite Eq.~3! as

I ~s!5~1/2!N~N21! (
s1s2

E C*Cdrdx3•••dxN , ~5!

wherexi[~r i ,s i! and the summation runs over the spin co
ordinatess1 ands2 of the electrons 1 and 2.

a!To whom all correspondence should be addressed.
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The properties of the intracule density are well known
I ~R! is an even function ofR,

I ~R!5I ~2R!, ~6!

satisfying the normalization conditions,

E I ~R!dR54pE I ~R!R2dR5Nep5~1/2!N~N21!,

~7!

and

E I ~R!R21dR54pE I ~R!RdR5W, ~8!

whereR[uRu, Nep is the number of electron pairs,W is the
electron–electron repulsion energy, and

I ~R![^I ~R!&, ~9!

is the spherically averaged intracule density. Intracule dens
ties computed from approximate Hartree–Fock~HF! or cor-
related wave functions exhibit maxima atR coinciding with
the internuclear vectors.3,4 These maxima are ascribed to
‘‘interatomic’’ electron pairs.

The electron coalescence cusp atR50,5,6

^“I ~0!&5I ~0!, ~10!

where^“I ~0!& is the spherically averaged gradient ofI ~R! at
R50, is an important property of the intracule density. Un-
fortunately, approximate intracule densities computed from
HF and CI wave functions lack the electron coalescenc
cusps, as their spherically averaged gradients vanish at t
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6094 Cioslowski et al.: Electron intracule densities
origin. In fact, an electronic wave function has to includ
terms that are explicitly linear in the interelectron distanc
s[usu, in order to produce a cusp atR50 in the correspond-
ing approximate intracule density. While such explicitly co
related wave functions are commonly employed in the d
scription of two-electron systems, their use is impractical
most atoms and molecules of chemical interest.

In 1978, Hiller, Sucher, and Feinberg~HSF! derived
identities that express the electron densityr~R! and the in-
tracule density at the originI ~0! in terms of global
operators.7 For exact wave functions, the HSF formulas yie
densities identical with those obtained from convention
definitions involving Dirac’s delta operators@compare Eq.
~3!#. On the other hand, dramatic improvements in the ac
racy of r~R! are observed when the HSF identity is used
conjunction with approximate wave functions.8 These im-
provements are due to the fact that the expectation value
the HSF operator for electron density is sensitive to the ov
all rather than the local accuracy of a wave function.

In this paper, we first generalize the two-electron HS
identity to the general case ofI ~R! with RÞ0. Then, we
demonstrate that the resulting HSF intracule density satis
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a modified cusp condition analogous to that recently derived
for the HSF electron density.9 Next, we derive a new identity
which is particularly suitable for wave functions that are
eigenfunctions of well-defined approximate Hamiltonians
and use it in conjunction with the HF method. By investigat-
ing the long-range behavior of the resulting HSF intracule
density we obtain corrections that assure its integrability. Fi-
nally, we illustrate the usefulness of the newly derived iden-
tities with several numerical examples.

II. THEORY

A. The HSF identity for the intracule density

In analogy with the previously published derivation,7 let
us consider a two-electron operator

Q̂s5us2Ru21~s2R!•“s , ~11!

where

“s5~1/2!~“12“2!. ~12!

The commutator betweenQ̂s and the electronic Hamiltonian
Ĥ @Eq. ~1!# equals
@Q̂s ,Ĥ#52us2Ru23~s2R!•“s12us2Ru23@~s2R!3“s#
21us2Ru21~s2R!•“sF2(

I
ZI(

i
ur i2RI u211~1/2!(

iÞ j
r i j

21G
52us2Ru23~s2R!•“s12us2Ru23@~s2R!3“s#

21~1/2!us2Ru21~s2R!•~“12“2!

3F2(
I
ZI(

i
ur i2RI u211~1/2!(

iÞ j
r i j

21G
52us2Ru23~s2R!•“s12us2Ru23@~s2R!3“s#

21~1/2!us2Ru21(
I
ZI~s2R!

•@~r12RI !ur12RI u232~r22RI !ur22RI u23#2~1/2!us2Ru21~s2R!•F(
iÞ1

~r1i /r 1i
3 !2(

iÞ2
~r2i /r 2i

3 !G
52us2Ru23~s2R!•“s12us2Ru23@~s2R!3“s#

21~1/2!us2Ru21(
I
ZI~s2R!•@~r12RI !ur12RI u23

2~r22RI !ur22RI u23#2us2Ru21~s2R!•~s/s3!2~1/2!us2Ru21(
i.2

~s2R!•@~r1i /r 1i
3 !2~r2i /r 2i

3 !#. ~13!

Taking into account that7

^Cu2us2Ru23~s2R!•“suC&524p^Cud̂~s2R!uC&, ~14!

and

^Cu@Q̂s ,Ĥ#uC&50, ~15!

one obtains

^Cud̂~s2R!uC&5~2p!21^Cuus2Ru23@~sR!3“s#
2uC&

1~8p!21^Cu(
I
ZI us2Ru21~s2R!•@~r12R1!ur12RI u232~r22RI !ur22RI u23#uC&

2~4p!21^Cuus2Ru21~s2R!•~s/s3!uC&2~8p!21^Cu(
i.2

us2Ru21~s2R!•@~r1i /r 1i
3 !2~r2i /r 2i

3 !#uC&.
No. 14, 8 October 1995t¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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Equation~16!, which holds for exact electronic wave functions, leads to the desired definition of the HSF intracule dens

Ĩ ~R!5~16p!21N~N21!H 4^Cuus2Ru23@~s2R!3“s#
2uC&

1^Cu(
I
ZI us2Ru21~s2R!•@~r12RI !ur12RI u232~r22RI !ur22RI u23#uC&

22^Cuus2Ru21~s2R!•~s/s3!uC&2~N22!^Cuus2Ru21~s2R!•@~r13 /r 13
3 !2~r23 /r 23

3 !#uC&J . ~17!
v

y

e

.

e
-

e

B. The electron coalescence cusp in the HSF
intracule density

It is straightforward to show that the aforedefinedĨ ~R!
satisfies a modified cusp condition analogous to that deri
recently for the HSF electron density.9 The first, second, and
fourth terms in the right-hand side of Eq.~17! possess con-
tinuous gradients at the limit ofR→0. On the other hand, the
contribution of Ĩ ~R! that stems from the third term

Ĩ ~3!~R!52~8p!21N~N21!

3^Cuus2Ru21~s2R!•~s/s3!uC&, ~18!

gives rise to a cusp atR50, as one can demonstrate b
explicitly evaluating the difference

Ĩ ~3!~R!2 Ĩ ~3!~0!52~8p!21N~N21!

3^Cus22@ us2Ru21~s2R!•~s/s!

21#uC&. ~19!

Since the expression that enters Eq.~19! in square brackets
decays rapidly outside the region given bys<uRu, one can
write

Ĩ ~3!~R!2 Ĩ ~3!~0!52~8p!21N~N21!^Cud~s!uC&

3E s22@ us2Ru2~s2R!•~s/s!21#ds,

~20!

for vanishingly small values ofR. Taking into account that9

s22@ us2Ru21~s2R!•~s/s!21#ds524puRu, ~21!

one obtains

Ĩ ~3!~R!2 Ĩ ~3!~0!5~1/2!N~N21!^Cud~s!uC&uRu

5I ~0!uRu, ~22!

at the limit of uRu→0.
Equation~22! implies that the HSF intracule density pos

sesses a discontinuous gradient atR50. The magnitude of
this discontinuity can be gauged by considering the sph
cally averaged gradient^“I ~0!&. Since all of the continuous
contributions to this gradient average to zero, the conditio

^“ Ĩ ~0!&5I ~0!, ~23!

follows from Eq.~22!. Equation~23! constitutes the electron
coalescence cusp condition for the HSF intracule density
is analogous to Eq.~10!, to which it reduces at the limit of
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exact electronic wave functions@at which Ĩ ~0! and I ~0! are
identical#. As in the one-electron case,9 there is an important
conceptual difference between the cusp conditions for th
conventional and the HSF intracule densities, the former fol
lowing from the properties of the Schro¨dinger equation6,10,11

and the latter being directly built into the definition ofĨ ~R!
@Eq. ~17!#.

C. The Hartree–Fock approximation to the HSF
intracule density

Since both the exact and the approximate HSF intracul
densities possess electron–electron cusps, one expectsĨ ~R!
calculated with the HF method to partially incorporate elec-
tron correlation effects. Direct application of Eq.~17! to a
single-determinantal wave functionuCHF& is rather inconve-
nient because of the complicated matrix elements of the
us2Ru23@~s2R!3“s#

2 operator. However, one can readily
develop an alternative formalism that makes the calculation
of HSF intracule densities feasible at any level of theory.

Let uC& be an eigenfunction of an approximate Hermit-
ian HamiltonianĤ0 . The equations

^Cu@Q̂s ,Ĥ0#uC&50, ~24!

and @compare Eqs.~13!, ~14!, and~17!#

Ĩ ~R!5I ~R!1~8p!21N~N21!^Cu@Q̂s ,~Ĥ2Ĥ0!#uC&,

~25!

are obviously satisfied. IfĤ0 is assumed to include the one-
electron part ofĤ, the core Hamiltonian~the electron kinetic
energy and the electron–nuclear attraction! terms are absent
in the differenceĤ2Ĥ0 . In the particular case of the HF
approximation,

Ĥ2Ĥ05~1/2!(
iÞ j

r i j
212(

i
V̂i
HF, ~26!

where the HF operatorV̂i
HF for the i th electron is defined as12
No. 14, 8 October 1995t¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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V̂i
HFC~x1 ,...,xi ,...,xN!5F(

a
E fa* ~r 8!fa~r 8!ur 82r i u21dx8GC~x1 ,...,xi ,...,xN!

2F(
a
E fa* ~r 8!C~x1 ,...,x8,...,xN!ur 82r i u21dx8Gfa~r i !. ~27!

In Eq. ~27!, the sums run over the set$fa% of occupied spin–orbitals from whichuCHF& is constructed. By combining Eqs.
~11!, ~12!, and~25!–~27!, one arrives at

ĨHF~R!5IHF~R!1~8p!21N~N21!$2^CHFuus2Ru21~s2R!•~s/s3!uCHF&2~1/2!~N22!^CHFuus2Ru21~s2R!

•@~r13 /r 13
3 !2~r23 /r 23

3 !#uCHF&2~1/2!^CHFuus2Ru21~s2R!•@~“1V̂1
HF!2~“2V̂2

HF!#uCHF&%, ~28!

whereIHF~R! is the conventional intracule density computed from the HF wave functionuCHF&. One should note thatĨ ~R! @Eq.
~17!# and ĨHF~R! @Eq. ~28!# are identical foruCHF& constructed from exact HF spin–orbitals.

With the help of the Slater–Condon rules,12 IHF~R! can be expressed in terms of spin–orbital contributions,

IHF~R!5~1/2!(
ab

@^abud̂~s2R!uab&2^abud̂~s2R!uba&#, ~29!

whereuab& is a shorthand forufa~r1!fb~r2!&, etc. Similarly,

ĨHF~R!2IHF~R!52(
ab

@^abuĈ~R!uab&2^abuĈ~R!uba&#2(
abc

@^abcuD̂1~R!2D̂2~R!uabc&

2^abcuD̂1~R!2D̂2~R!uacb&1^abcuD̂1~R!2D̂2~R!ucab&2^abcuD̂1~R!2D̂2~R!ucba&

1^abcuD̂1~R!2D̂2~R!ubca&2^abcuD̂1~R!2D̂2~R!ubac&#1(
abc

@^abcuD̂1~R!2D̂2~R!uabc&

2^abcuD̂1~R!2D̂2~R!ubac&2^abcuD̂1~R!ucba&1^abcuD̂1~R!ucab&1^abcuD̂2~R!uacb&

2^abcuD̂2~R!ubca&#, ~30!

where

Ĉ~R!5~8p!21us2Ru21~s2R!•~s/s3!, ~31!

and

D̂ i~R!5~16p!21us2Ru21~s2R!•~r i3 /r i3
3 !, i51,2. ~32!

In Eq. ~30!, the second sum arises from the electron repulsion operator, whereas the third sum originates from th
Coulombic and exchange terms. Further simplification of Eq.~30! yields

ĨHF~R!2IHF~R!

52(
ab

@^abuĈ~R!uab&2^abuĈ~R!uba&#1(
abc

@^abcuD̂1~R!uacb&2^abcuD̂1~R!ubca&1^abcuD̂2~R!ucab&

2^abcuD̂2~R!ucba&#

52(
ab

@^abuĈ~R!uab&2^abuĈ~R!uba&#1(
abc

@^abcuD̂1~R!1D̂1~2R!uacb&2^abcuD̂1~R!1D̂1~2R!ubca&#, ~33!

where permutational symmetries among the orbital indices have been exploited.
Two observations concerning Eq.~33! are in order. First, the differenceĨHF~R!2IHF~R!, which can be interpreted as a

measure of the Coulomb hole,2 is an even function ofR, as demanded by Eq.~6!. Second, the analogous difference
r̃HF~R!2rHF~R! between the electron densities equals zero, as the one-electron counterpart ofQ̂s commutes withĤ2Ĥ0 given
by Eq. ~26!. In other words, the application of the HSF identity is not expected to bring any improvement to the elec
density calculated from exact HF spin–orbitals.13

6096 Cioslowski et al.: Electron intracule densities
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D. The spherically averaged HSF intracule density
and its long-range asymptotics

Spherical averaging of Eq.~33! results in

ĨHF~R!2IHF~R!

52(
ab

@^abuĈav~R!uab&2^abuĈav~R!uba&#

1(
abc

@^abcuD̂av~R!uacb&2^abcuD̂av~R!ubca&#,

~34!

where

Ĉav~R!5~8pR!21s21@min~1,R/s!

2~1/3!min~1,R3/s3!#, ~35!

and

D̂av~R!5~8pR!21~s•r13!r 13
23@min~1,R/s!

2~1/3!min~1,R3/s3!#. ~36!

The difference

DIHF~R!5 ĨHF~R!2IHF~R!, ~37!

constitutes an approximation to the Coulomb hole as defin
by Coulson and Neilson.2,14 The long-range asymptotics o
DIHF(R), in which the leading term is inversely proportiona
to R,

lim
R→`

RDIHF~R!

5~12p!21F2(
ab

~^abus21uab&2^abus21uba&!

1(
abc

~^abcus•r13 /r 13
3 uacb&

2^abcus•r13 /r 13
3 ubca&!G , ~38!

and the other terms decay exponentially, is readily obtain
from Eqs. ~34!–~36!. The three-electron terms in Eq.~38!
can be substantially simplified by noting that

(
abc

^abcus•r13 /r 13
3 uacb&

5(
abc

^acbus•r13 /s3uabc&

5(
abc

~^acbus•r1 /s3uabc&2^acbus•r3 /s3uabc&!

5(
abc

~^acus•r1 /s3uab&^buc&2^acus/s3uab&•^bur uc&!

5(
ab

^abus•r1 /s3uab&2(
abc

^acus/s3uab&•^bur uc&,

~39!
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(
abc

^abcus•r13 /r 13
3 ubca&

5(
abc

^acbus•r13 /s3ubac&

5(
abc

~^acbus•r1 /s3ubac&2^acbus•r3 /s3ubac&!

5(
abc

~^acus•r1 /s3uba&^buc&2^acus/s3uba&•^bur uc&!

5(
ab

^abus•r1 /s3uba&2(
abc

^acus/s3uba&•^bur uc&,

~40!

2(
ab

^abus•r1 /s3uab&

5(
ab

~^abus•r1 /s3uab&2^baus•r2 /s3uba&!

5(
ab

^abus21uab&, ~41!

2(
ab

^abus•r1 /s3uba&

5(
ab

~^abus•r1 /s3uab&2^baus•r2 /s3uab&!

5(
ab

^abus21uba&, ~42!

and

2(
abc

^acus/s3uba&•^bur uc&

5(
abc

~^acus/s3uba&•^bur uc&2^caus/s3uab&•^bur uc&!

50, ~43!

where the hermiticity of the operators, the real-valuedness o
the spin–orbitals, and the permutational symmetries amon
the three electrons have been invoked. By combining Eqs
~39!–~43! one arrives at

(
abc

~^abcus•r13 /r 13
3 uacb&2^abcus•r13 /r 13

3 ubca&!

5~1/2!(
ab

~^abus21uab&2^abus21uba&!

2(
abc

^acus/s3uab&•^bur uc&. ~44!

The fact that the three-electron terms cancel out only
about half of the two-electron contribution to the long-range
asymptotics ofDIHF(R) @Eq. ~38!# implies that the HSF in-
tracule density defined by Eq.~33! is nonintegrable. In this
No. 14, 8 October 1995ct¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp



TABLE I. Intracule densities in selected two-electron systems.a

Property
~method! H2

System

Be21He Li1

I (0) HF 0.0163~0.0221! 0.1905~0.1900! 0.7697~0.7684! 1.9891~1.9817!
HF/HSF 0.0000~0.0015! 0.1060~0.1056! 0.5543~0.5533! 1.5826~1.5762!
‘‘exact’’ 0.0027 0.1063 0.5337 1.5229

Rmax HF 0.0000~0.0000! 0.0000~0.0000! 0.0000~0.0000! 0.0000~0.0000!
HF/HSF 0.9159~0.8817! 0.1857~0.1867! 0.0802~0.0804! 0.0449~0.0450!
‘‘exact’’ 0.9272 0.1937 0.0834 0.0465

Imax HF 0.0163~0.0221! 0.1905~0.1900! 0.7697~0.7684! 1.9891~1.9817!
HF/HSF 0.0057~0.0096! 0.1224~0.1221! 0.5840~0.5829! 1.6262~1.6197!
‘‘exact’’ 0.0040 0.1165 0.5558 1.5581

Nep HF 1.0000~1.0000! 1.0000~1.0000! 1.0000~1.0000! 1.0000~1.0000!
HF/HSF 0.7526~0.8006! 0.8745~0.8760! 0.9236~0.9236! 0.9452~0.9452!
‘‘exact’’ 1.0000 1.0000 1.0000 1.0000

W HF 0.4592~0.5329! 1.0261~1.0269! 1.6510~1.6503! 2.2756~2.2731!
HF/HSF 0.3021~0.3824! 0.8590~0.8606! 1.4860~1.4854! 2.1118~2.1093!
‘‘exact’’ 0.3110 0.9458 1.5677 2.1909

aThe 6-311G data followed by the 6-31G data in parentheses.

6098 Cioslowski et al.: Electron intracule densities
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respect, the application of the HSF identity brings about
same qualitative changes to the intracule density as it doe
its one-electron counterpart, namely it furnishes the coa
cence cusp at the expense of an incorrect long-range asy
totic behavior.15 However, unlike in the one-electron cas
this deficiency ofĨ ~R! can be easily alleviated by multiply-
ing the three-electron terms in Eq.~33! by a corrective factor
k,

ĨHF~R!2IHF~R!

52(
ab

@^abuĈ~R!uab&2^abuĈ~R!uba&#

1k(
abc

@^abcuD̂1~R!1D̂1~2R!uacb&

2^abcuD̂1~R!1D̂1~2R!ubca&#. ~45!

The factork is a solution of the equation@compare Eqs.~38!
and ~44!#

~k22!WHF22k(
abc

^acus/s3uab&•^bur uc&50, ~46!

whereWHF is the HF electron–electron repulsion energ
This simple modification, which does not affect the cu
condition@Eq. ~23!#, not only assures thatĨHF~R! decays ex-
ponentially withR→` but, as demonstrated in the followin
section of this paper, also markedly improves its accuracy
all values ofR. One should note that for spherically sym
metrical systems with only thes-type spin–orbitals occu-
pied,^bur uc& vanishes for all spin–orbital pairs (b,c), imply-
ing k52.

III. NUMERICAL EXAMPLES

In order to assess the usefulness of the newly deriv
identities, the HF@Eq. ~29!# and HF-HSF@Eq. ~45!# intracule
J. Chem. Phys., Vol. 103,Downloaded¬29¬Jun¬2003¬to¬128.146.38.191.¬Redistribution¬subjec
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densities were computed for several atoms and ions. Ele
tronic wave functions calculated at the HF/6-31G and HF/6
311G levels of theory with theGAUSSIAN 92 suite of
programs16 were used. The latter basis set is expected
yield electronic properties that do not deviate significantl
from those obtained at the HF limit—a supposition that i
supported by the agreement between the respective values
0.1905~Table I! and 0.1906~Ref. 19! for IHF~0! in the he-
lium atom. The computed intracule densities are reported
Tables I and II. All values are listed in atomic units.

The ‘‘exact’’ intracule densities of two-electron systems
including H2 @Fig. 1~a!#, He @Fig. 1~b!#, Li1 @Fig. 1~c!#, and
Be21 @Fig. 1~d!# were derived from explicitly correlated

TABLE II. Intracule densities in the lithium and beryllium atoms.a

Property
~method!

System

Li Be

I (0) HF 0.7841~0.7865! 2.0981~2.1155!
HF/HSF 0.5639~0.5657! 1.6593~1.6729!
‘‘exact’’ 0.5426 1.6069

Rmax HF 0.0000~0.0000! 0.0000~0.0000!
HF/HSF 0.0801~0.0800! 0.0448~0.0446!
‘‘exact’’ 0.0842 0.0468

Imax HF 0.7841~0.7865! 2.0981~2.1155!
HF/HSF 0.5941~0.5959! 1.7051~1.7189!
‘‘exact’’ 0.5652 1.6444

Nep HF 3.0000~3.0000! 6.0000~6.0000!
HF/HSF 2.8589~2.8555! 5.5518~5.5641!
‘‘exact’’ 3.0000 6.0000

W HF 2.2818~2.2968! 4.4895~4.5502!
HF/HSF 2.0825~2.0950! 4.1017~4.1581!
‘‘exact’’ 2.1895 4.3787

aThe 6-311G data followed by the 6-31G data in parentheses.
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FIG. 1. Intracule densities@solid line, ‘‘exact’’ I (R); broken line,IHF(R), Eq. ~29!; dotted line,ĨHF(R), Eq. ~45!# in select two-electron systems;~a! H2, ~b!
He, ~c! Li1, and~d! Be21.
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Hylleraas-type wave functions17 with 491 terms. Details of
these calculations, which included terms in the Fock exp
sion necessary for an accurate description of the thr
particle coalescence region, have been publish
elsewhere.18 The computed ‘‘exact’’ value of 0.1063 forI ~0!
in the helium atom~Table I! agrees very well with those of
0.1071 ~Ref. 20! and 0.1063~Ref. 19! obtained previously
from 20- and 184-term Hylleraas-type wave functions, r
spectively. Similarly good agreement is observed betwe
the present~Table I! and the previously reported20 radial po-
sitions ~Rmax: 0.1937 vs 0.1905! and magnitudes~Imax:
0.1165 vs 0.1165! of the maximum inI ~R!. The present ‘‘ex-
act’’ estimates ofI ~0! in H2, Li1, and Be21 also match the
literature data19 very closely.

Comparisons of the HF and HF-HSF intracule densit
with their ‘‘exact’’ counterparts~Table I and Fig. 1! reveal
dramatic improvements in accuracy brought by the appli
tion of Eq. ~45!. These improvements are of both qualitativ
and quantitative nature. First of all, the cusps atR50 that are
missing inIHF~R! appear in the respectiveĨHF~R!. The intra-
cule densities atR50 are significantly reduced, bringing
them into much closer agreement with those obtained fr
explicitly correlated wave functions. Moreover, the locatio
Rmax and the magnitudesImax of the radial maxima inI ~R!
precipitated by the presence of the electron coalesce
cusps are reproduced with impressive accuracy by the H
HSF calculations.
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The data obtained for the helium atom illustrates th
importance of the corrective factork present in Eq.~45!. As
mentioned above,IHF~0! equals 0.1905 for this system,
which amounts to an overestimation by as much as 80%. T
application of Eq. ~45! lowers the intracule density to
0.1060, which is within 0.4% off the ‘‘exact’’ value. On the
other hand, the uncorrected identity@Eq. ~33!# yields ĨHF~0!
equal to 0.0749, grossly exaggerating the effects of electro
correlation on the intracule density. One should mention th
the latter value is close to that of 0.0787 reported in th
original HSF paper7 for Ĩ ~0! computed from the one-term
Hylleraas wave function~which can be regarded as a crude
approximation to the HF wave function!. In conclusion, the
choice of the corrective factork that assures integrability of
ĨHF~R! also enhances its accuracy at small interelectron di
tances. As expected from the considerations presented in
preceding section of this paper, this choice corresponds
settingk52 for all systems studied here.

The improvement brought by the application of Eq.~45!
is limited to the short-range portion of the intracule density
This fact is uncovered by numerical integrations ofĨHF~R!
@Eqs. ~7! and ~8!# which produce values ofNep andW that
are markedly lower than their ‘‘exact’’ counterparts~see the
last two sections of Table I!. In particular, the decrease in the
electron–electron repulsionW due to electron correlation,
which ~except for H2! amounts to;0.08 in the helium se-
ries, is overestimated by about 100%. Similarly, the com
No. 14, 8 October 1995ct¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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6100 Cioslowski et al.: Electron intracule densities
puted numbers of electron pairsNep are too low by amounts
approximately proportional to (Z2 5

16)
21. The failure of

ĨHF~R! to yield accurateNep andW is a direct consequence
of the fact that ĨHF~R!,IHF~R! everywhere, implying
DIHF(R),0 for all values ofR ~see Fig. 1!, whereas the
actual Coulomb hole is known to be negative for smallR and
positive at larger interelectron distances, reflecting a char
conserving shift in the probability density that reduces t
electron–electron repulsionW.2,14

The ‘‘exact’’ intracule densities in the Li and Be atom
were calculated by a variational Monte Carlo method. Acc
rate electronic wave functions that recover 99.6% and 99.
of the correlation energy in Li and Be, respectively, were fi
computed with a variance minimization technique21 and then
used in accelerated Metropolis Monte Carlo calculations22 of
the intracule densities. Comparisons of these densities w
the corresponding HF and HF-HSF data show that the
provements in the computed values ofI (0), Rmax, and Imax
~Table II! obtained upon the application of the corrected HS
identity @Eq. ~45!# parallel those observed in the two-electro
systems. However, as in the two-electron case, the HSF
rections toI ~R!, which restore the electron coalescence cu
and improve the overall accuracy for small values ofR ~Fig.
2!, have a negative effect on the global properties such
Nep orW.

IV. CONCLUSIONS

Electron intracule densities that possess the electron c
lescence cusp at the origin can be calculated from arbitr

FIG. 2. Intracule densities@solid line, ‘‘exact’’ I (R); broken line,IHF(R),
Eq. ~29!; dotted line,ĨHF(R), Eq. ~45!# in ~a! Li and ~b! Be.
J. Chem. Phys., Vol. 103,Downloaded¬29¬Jun¬2003¬to¬128.146.38.191.¬Redistribution¬subje
ge-
e

s
u-
%
st

ith
m-

F
n
or-
sp

as

oa-
ary

~exact or approximate! wave functions with the help of iden-
tities derived within the Hiller–Sucher–Feinberg~HSF! for-
malism. Applications of such identities range from a ne
simplified derivation of the cusp condition for exact intracu
densities to the computation of the Coulomb holes and d
sign of new density and density matrix functionals.

When applied to the Hartree–Fock single-determinan
wave functions, the HSF formalism yields a correction to th
HF intracule density that involves only two- and three
electron terms. Although this correction does not lead to
tegrableI ~R!, the integrability is readily restored by scaling
of the three-electron contributions. The scaled expression
ĨHF~R! @Eq. ~45!# produces intracule densities that, whe
compared with their ‘‘exact’’ counterparts, are found to be
least one order of magnitude more accurate than the dens
obtained from the conventional definition@Eqs.~3! and~29!#.
In addition, the HF-HSF intracule densities not only posse
cusps at their origins but also exhibit maxima with radi
positions and magnitudes closely paralleling those presen
the ‘‘exact’’ I ~R!.

Although the newly derived identities tend to grossl
overestimate the effects of electron correlation on t
electron–electron repulsion energy, they constitute the fi
step in the quest for energy functionals of the HF dens
matrix that do not involve semiempirical modeling of th
Coulomb hole. With the short-range electron–electron inte
actions accurately accounted for in our approach, the fut
improvements in the accuracy ofI ~R! ~and thusW! will have
to come from a better description of the medium- and lon
range correlation effects.
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APPENDIX

The one-center, two-electron integrals that occur in c
culations of the electron intracule densities in the helium
lithium-, and berylliumlike atoms and ions possess the ge
eral form

^ ikuÔu j l &5E E exp~2a i r 1
22akr 2

2!Ô~s!

3exp~2a j r 1
22a l r 2

2!dr1dr2 , ~A1!

where the operatorÔ is a potential that depends on the var
able s @Eq. ~2!# only. Evaluation of these integrals com
mences with the substitution of~r1,r2! by ~r ,s!, followed by
the integration overr ,
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^ ikuÔu j l &5E E O~s!exp@2a i j ~r1s/2!2

2akl~r2s/2!2#drds

5E E O~s!exp@2a i jkl ~r
21s2/4!

2~a i j2akl!~r•s!#drds

5~p/a i jkl !
3/2E O~s!exp~2as2!ds, ~A2!

where

a i j5a i1a j , akl5ak1a l , a i jkl5a i j1akl ,

and

a5a i jakl /a i jkl . ~A3!

For the integralŝ ikud̂~s2R!u j l & that arise from Eq.~29!
one obtains

^ ikud̂~s2R!u j l &5~p/a i jkl !
3/2E d̂~s2R!exp~2as2!ds

5~p/a i jkl !
3/2 exp~2aR2!, ~A4!

in agreement with the previously published formulas.3,23The
integrals

Cik jl ~R![~8p!21^ ikuus2Ru21~s2R!•~s/s3!u j l &, ~A5!

that enter Eqs.~33! and~45!, giving rise to the cusp atR50
@see Eqs.~18!–~22!#, are computed as follows:
Cik jl ~R!5~8p!21~p/a i jkl !
3/2E us2Ru21~s2R!•~s/s3!exp~2as2!ds

5p22~p/a i jkl !
3/2E

0

`E
0

`

w2dudwE exp@2u2~s2R!2#exp~2w2s2!~s2R!•s exp~2as2!ds

5p22~p/a i jkl !
3/2E

0

`E
0

`

w2dudwE exp@2~u21w21a!s22u2R212u2~s–R!#~s2R!•sds

5p22~p/a i jkl !
3/2E

0

`E
0

`

w2 exp@2u2~w21a!~u21w21a!21R2#dudwE exp@2~u21w21a!s82#

3@s82~w21a!~u21w21a!21R#•@s81u2~u21w21a!21R#ds8,

5p21/2~p/a i jkl !
3/2E

0

`E
0

`

w2~u21w21a!25/2@~3/2!2u2~w21a!~u21w21a!21R2#

3exp@2u2~w21a!~u21w21a!21R2#du dw, ~A6!

where the Laplace transforms forus2Ru21 ands23 have been used. The next step in the evaluation ofCik jl ~R! involves the
substitution

w5a1/2~ t221!1/2, dw5a1/2t~ t221!21/2dt, tP@1,`!, ~A7!

which leads to

Cik jl ~R!5p21/2~pa/a i jkl !
3/2E

0

`E
1

`

t~ t221!1/2~u21at2!25/2@~3/2!2au2t2~u21at2!21R2#

3exp@2au2t2~u21at2!21R2#du dt. ~A8!

The second substitution

u5a1/2tv~12v2!21/2, du5a1/2t~12v2!23/2dv, vP@0,1#, ~A9!

results in

Cik jl ~R!5~pa!21/2~p/a i jkl !
3/2E

0

1E
1

`

t23~ t221!1/2~12v2!@~3/2!2av2t2R2#exp~2av2t2R2!dv dt

5~pa!21/2~p/a i jkl !
3/2E

1

`

t23~ t221!1/2$~3/2!F0~at2R2!2@~3/2!1at2R2#F1~at2R2!1at2R2F2~at2R2!%dt

5~pa!21/2~p/a i jkl !
3/2E

1

`

t23~ t221!1/2F0~at2R2!dt, ~A10!

where the recursion24
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Fn~x!5~2x!21@~2n21!Fn21~x!2exp~2x!#, ~A11!

for the well-known functionsFn(x),

Fn~x![E
0

1

y2n exp~2xy2!dy, ~A12!

has been employed. By applying the identity,25

E
1

`

t23~ t221!1/2F0~At
2!dt

5~p/12!~312A!@12erf~A1/2!#1~1/6!p1/2A21/2@12~11A!exp~2A!#, ~A13!

one finally arrives at

Ci jkl ~R!5~1/12!a21/2~p/a i jkl !
3/2$p1/2~312aR2!@12erf~a1/2R!#12~aR2!21/2@12~11aR2!exp~2aR2!#%. ~A14!

The one-center, three-electron integrals,

Dikm jln~R![~16p!21^ ikmuus2Ru21~s2R!•~r13 /r 13
3 !u j ln & ~A15!

that enter Eqs.~33! and ~45! are evaluated as follows:

Dikm jln~R!5~16p!21E E E exp~2a i r 1
22akr 2

22amr 3
2!us2Ru21~s2R!•~r13 /r 13

3 !exp~2a j r 1
22a1r 2

22amr 3
2!dr1dr2dr3

5~1/4!p21/2E
0

`

t2dtE E E exp~2a i j r 1
22aklr 2

22amnr 3
22t2r 13

2 !us2Ru21~s2R!•r13dr1dr2dr3

5~1/4!amnE
0

`

t2~amn1t2!25/2dtE E exp@2a i j r 1
22aklr 2

22amnt
2~amn1t2!21r 1

2#us2Ru21~s2R!•r1dr1dr2

5~1/4!E
0

1

w2dwE E exp@2~a i j1w2amn!r 1
22aklr 2

2#us2Ru21~s2R!•r1dr1dr2 , ~A16!

where the Laplace transform forur13u
21 and the substitution

t5amn
1/2w~12w2!21/2, dt5amn

1/2~12w2!23/2dw, wP@0,1#, ~A17!

have been used. Application of another Laplace transform forus2Ru21 leads to

Dikm jln~R!5~1/2!p21/2E
0

`E
0

1

w2du dwE E exp@2~a i j1amnw
2!r 1

22aklr 2
22u2~r12r22R!2#~r12r22R!•r1dr1dr2

5~p/2!aklE
0

`E
0

1

~akl1u2!25/2w2akl
1/2du dwE exp@2~a i j1amnw

2!r 1
22aklu

2~akl1u2!21~r12R!2#

3~r12R!•r1dr1

5~p/2!akl
21E

0

1E
0

1

~12z2!w2 dz dw E exp@2~a i j1amnw
2!r 1

22aklz
2~r12R!2#~r12R!•r1dr1

5~1/2!p5/2akl
21E

0

1E
0

1

~12z2!w2~a i j1amnw
21aklz

2!25/2@~3/2!2aklz
2~a i j1amnw

2!

3~a i j1amnw
21aklz

2!21R2#exp@2aklz
2~a i j1amnw

2!~a i j1amnw
21aklz

2!21R2#dz dw, ~A18!

where the substitution

u5akl
1/2z~12z2!21/2, du5akl

1/2~12z2!23/2dz, zP@0,1#, ~A19!

has been employed. A further simplification of Eq.~A19! is achieved with two subsequent substitutions

w5~ t22b!1/2, dw5t~ t22b!21/2dt, tP@b1/2,~11b!1/2#, ~A20!

and

z5amn
1/2tv@amnt

21akl~12v2!#21/2, dz5amn
1/2t~amnt

21akl!@amnt
21akl~12v2!#23/2dv, vP@0,1#, ~A21!

where
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b5a i j /amn . ~A22!

This results in

Dikm jln~R!51/2)p5/2akl
21E

0

1E
b1/2

~11b!1/2

~12z2!t~ t22b!1/2~amnt
21aklz

2!25/2@~3/2!2aklz
2amnt

2~amnt
21aklz

2!21R2#

3exp@2aklz
2amnt

2~amnt
21aklz

2!21R2#dz dt

5~1/2!p5/2amn
22akl

21E
0

1E
b1/2

~11b!1/2

~12v2!t23~ t22b!1/2~akl1amnt
2!21/2@~3/2!2aklamn~akl1amnt

2!21v2t2R2#

3exp@2aklamn~akl1amnt
2!21v2t2R2#dv dt

5~1/2!p5/2amn
22akl

21E
b1/2

~11b!1/2

t23~ t22b!1/2~akl1amnt
2!21/2F0@aklamn~akl1amnt

2!21t2R2#dt. ~A23!

The final substitution

t5~aakl /amn!
1/2t~akl2at2!21/2, dt5~aakl /amn!

1/2akl~akl2at2!23/2dt, tP@1,g#, ~A24!

where

g5~11akl /a i j !
1/2@11akl /~a i j1amn!#

21/2, ~A25!

yields

Dikm jlm~R!5~1/2!p5/2amn
23/2a21a i j

1/2akl
23/2E

1

g

t23~t221!1/2F0~at2R2!dt. ~A26!

This integral, which is analogous to that appearing in Eq.~A10!, cannot be expressed in a closed form. In the actua
calculations reported in this paper an equivalent expression,

Dikm jln~R!5~1/4!p3a i j
21akl

23/2amn
23/2R21E

0

~b11!21/2

erf@a i j
1/2akl

1/2R~a i jkl2aklt
2!21/2#t2dt, ~A27!

is employed for the sake of a superior numerical accuracy. A 40-point scaled Chebyshev–Gauss quadrature produces in
with absolute errors of less than 1023 and 1025 when used in conjunction with Eqs.~A26! and ~A27!, respectively.
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