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Identities for the electron intracule densit{R) in atoms and molecules are derived within the
Hiller—Sucher—FeinbergHSFH formalism. It is proven that, when applied to arbitrggxact or
approximate electronic wave functions, these identities produce intracule densities that satisfy a
modified condition for the electron coalescence cusp. A corollary of this proof provides a new,
simplified derivation of the cusp condition for the exa@R). An expression for the Hartree—Fock
approximation to the HSF electron intracule density that contains only two- and three-electron terms
is obtained and its properties are analyzed. A simple scaling of the three-electron contributions in
this expression assures integrability of the approxim&® and improves its overall accuracy.
Numerical tests carried out for the "HHe, Li*, B€**, Li, and Be systems demonstrate that the
application of the scaled HSF-type identity to Hartree—Fock wave functions affords dramatic
improvements in the short-range behavior of the electron intracule density998 American
Institute of Physics.

I. INTRODUCTION The properties of the intracule density are well known.

. . | (R) is an even function oR,
The understanding of electron correlation in atoms and

molecules requires abandoning one-particle quantities in fa-  |(R)=|(—R), (6)
vor of those describing properties of electron pairs. One of

these quantities, called the electron intracule density, hasatisfying the normalization conditions,

been the object of several recent studies. Let

WY=|¥(x4,...Xy)) be an eigenfunction of the electronic
L,amihtomgn, N f I(R)dR=477fI(R)deR=Nep=(1/2)N(N—l),
0
H=—(1/2X V2= 2, Ir—R|™*+(1/2) X r;j*
i T i 7] and
)
Let f I(R)R‘ldR=47rfl(R)RdR:W, (8)
s=r;—r, andr=(1/2)(r,+r,), 2

whereR=|R|, N, is the number of electron pairg/ is the

be the interparticle-distancéntraculay and the center-of- electron—electron repulsion energy, and

mass(extraculay coordinates of an electron pair. The expec-
tation value I(R)=(I(R)), 9)
I(R)=(1/2)N(N—1)(¥|5(s—R)|¥), 3 . _ _ _ .
(R)=(1/2N( ] 1) @ is the spherically averaged intracule density. Intracule densi-
is known as the electron intracule density or simply the in-ties computed from approximate Hartree—F@el) or cor-
tracule density:? Since related wave functions exhibit maxima Rtcoinciding with
the internuclear vectors’ These maxima are ascribed to

dsdr=dr,dr,, @ interatomic” electron pairs.
one may rewrite Eq(3) as The electron coalescence cuspRat0,>®
1(9=(L/2N(N-1) S | w*Wdrdxs--dxy, (5) (V1(0)=1(0), (10
0'1(7'2

) ] where(VI(0)) is the spherically averaged gradientl¢R) at
wherex;=(r;,o;) and the summation runs over the spin co-g_ is an important property of the intracule density. Un-
ordinatess, and o of the electrons 1 and 2. fortunately, approximate intracule densities computed from
HF and Cl wave functions lack the electron coalescence
3To whom all correspondence should be addressed. cusps, as their spherically averaged gradients vanish at the
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origin. In fact, an electronic wave function has to includea modified cusp condition analogous to that recently derived
terms that are explicitly linear in the interelectron distance for the HSF electron densifyfNext, we derive a new identity
s=|g, in order to produce a cusp Rt=0 in the correspond- which is particularly suitable for wave functions that are
ing approximate intracule density. While such explicitly cor- eigenfunctions of well-defined approximate Hamiltonians
related wave functions are commonly employed in the deand use it in conjunction with the HF method. By investigat-
scription of two-electron systems, their use is impractical foring the long-range behavior of the resulting HSF intracule
most atoms and molecules of chemical interest. density we obtain corrections that assure its integrability. Fi-
In 1978, Hiller, Sucher, and Feinber@gdSH derived nally, we illustrate the usefulness of the newly derived iden-
identities that express the electron dengifiR) and the in- tities with several numerical examples.
tracule density at the originl(0) in terms of global
operators. For exact wave functions, the HSF formulas yield || THEORY
densities identical with those obtained from conventional i ) ) )
definitions involving Dirac’s delta operatofsompare Eg. A. The HSF identity for the intracule density
(3)]. On the other hand, dramatic improvements in the accu-  In analogy with the previously published derivatibhet
racy of p(R) are observed when the HSF identity is used inus consider a two-electron operator
conjunction with approximate wave functiohsThese im- ~ 1
provements are due to the fact that the expectation value of Qs=[s=R["(s=R)- Vs, (11)
the HSF operator for electron density is sensitive to the overwhere
all rather than the local accuracy of a wave function.
In this paper, we first generalize the two-electron HSF Vs=(1/2)(V1=V2). A (12
identity to the general case ¢fR) with R+#0. Then, we The commutator betweeQ, and the electronic Hamiltonian
demonstrate that the resulting HSF intracule density satisfidd [Eq. (1)] equals

[Qs,H]=2|s—R|3(s—R)-V+2|s—R| (s~ R) X V¢]?+|s—R| }(s—R) -V, —El 22 In—R| 7+ @2 r;t
i i#]
=2|s—R| 3(s—R) -V +2|s—R| *[(s—R) XV ]?+(1/2)|s—R| Y(s—R)-(V,— V)
X —}l‘, 2> =R |74+ (12) X 1)t
i i#]
=2|s—R|3(s—R)-V¢+2|s—R| J[(s— R) XV ]?+(1/2)|s— R|’1§|: Z/(s—R)
L(ri=R)|ri—R| 3= (r,—R)|r,—R|| %]—(1/2)|s—R| "}(s—R)- 21 (rli/rii)_;z (railr3)

=2|s=R|"%(s—R)- Vs+2|s—R| (s~ R) X V]*+(1/2)|s~ R|712| Z)(s—R)-[(ri—R)Iri—R|°

—(r;—R)|r2—R| ®]—|s—R| " }(s—R) - (§s°) — (1/2)[s— ergz (s=R)-[(ryiIr3) = (ra/r3)]. (13

Taking into account that

(¥|2|s—R|3(s—R)- VW)= —4m(¥|5(s— R)|¥), (14)
and

(P|[Qs,HI[W)=0, (15)
one obtains

(W[8(s—R)|[W)=(2m) " Y(W[|s—R| 3[(SR)X V]2 W)

+(87T)_1<‘I'|EI Z||s=R|7Y(s=R)-[(r1—Ry[r1—R| 3= (r,—=R))|r,—Ry| ~*]|¥)
—(4m) " N¥|[s—R| (s~ R)'(5/53)|‘1’>_(87T)_1<‘I’|i>22 |s—R|"Y(s—=R)-[(ry/r3)—(ra/r3)1|¥).
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Equation(16), which holds for exact electronic wave functions, leads to the desired definition of the HSF intracule density,

1(R)=(16m) N(N—1){ 4(¥||s—R| ~*[(s—R) X V]?|¥)

+<‘I’|§|: Z||s=R| Y s=R)-[(r1—R)|r1—R| 3= (r,—=R))|r,—R| ~*]|¥)

—2(¥|[s=R|"H(s=R)- (5| W)~ (N=2)(¥|[s=R|"H(s=R)-[(r13/r35) = (r3/r32) ]| ¥) . (17
|
B. The electron coalescence cusp in the HSF exact electronic wave functionst Whichf(O) and1(0) are
intracule density identical. As in the one-electron caSé¢here is an important

conceptual difference between the cusp conditions for the

aonventional and the HSF intracule densities, the former fol-
10,11

It is straightforward to show that the aforedefindR)
satisfies a modified cusp condition analogous to that derived-"" - e )
recently for the HSF electron densftihe first, second, and 0Wing from the properties of the Schiimger equation
fourth terms in the right-hand side of E€L7) possess con- and the latter being directly built into the definition IdR)
tinuous gradients at the limit &8—0. On the other hand, the [Eq. (17].
contribution ofl (R) that stems from the third term

13)(R)=—(87) " IN(N—1)

Bl 1lle_ B . (/3
X(¥lls=R["Hs=R)-(¢5)|¥), (18 C. The Hartree—Fock approximation to the HSF
gives rise to a cusp aR=0, as one can demonstrate by intracule density

explicitly evaluating the difference Since both the exact and the approximate HSF intracule

1®R)—1®(0)=—(87) IN(N-1) densities possess electron—electron cusps, one eXd&jts
_2 . calculated with the HF method to partially incorporate elec-
X(W[s~*[|s—R|"*(s—R)-(gs) tron correlation effects. Direct application of EQ.7) to a
—1]|w) (19) single-determinantal wave functid¥ ) is rather inconve-

_ _ _ nient because of the complicated matrix elements of the
Since the expression that enters IEI:Q) in square brackets |s—R|™[(s—R)xV]* operator. However, one can readily
decays rapidly outside the region given b¥|R|, one can  develop an alternative formalism that makes the calculation
write of HSF intracule densities feasible at any level of theory.
TO(R)=T®(0)= — (87~ IN(N= 1)(W|5(s) | _ Let |\.If> bg an elgenfunctlo_n of an approximate Hermit-

(R) © (8m)N( (W[ oS)¥) ian HamiltonianH,. The equations

X f s |s—R|%(s—R)-(g/s)—1]ds,

W|[Qs,Hol|¥)=0, 24
20 (P[[Qs,Holl¥) (24)
for vanishingly small values oR. Taking into account that and[compare Eqs(13), (14), and(17)]
s 9|s—R| Y(s—R)-(s/s)—1]ds= —4|R|, (21)
one obtains T(R)=1(R)+(8m) *N(N—1)(¥|[Qs,(A—Fo)][¥),
1®(R)~13(0)=(1/2N(N—1)(¥| 8(3)| ¥)|R| 25
=1(0)|R], (22

o are obviously satisfied. I@io is assumed to include the one-
at the limit of |R|—0. electron part oH, the core Hamiltoniarithe electron kinetic

Equation(22) implies that the HSF intracule density pos- gnergy and the electron—nuclear attraciterms are absent
sesses a discontinuous gradientRat0. The magnitude of in the diﬁerenceﬁ—I:IO. In the particular case of the HF

this discontinuity can be gauged by considering the Sphe”approximation
cally averaged gradieq¥ 1 (0)). Since all of the continuous
contributions to this gradient average to zero, the condition
(V1(0))=1(0), (23 H—Fo=(1/2)X rit=> Vi, (26)
1#] i
follows from Eq.(22). Equation(23) constitutes the electron
coalescence cusp condition for the HSF intracule density. It )
is analogous to Eq.10), to which it reduces at the limit of where the HF operatd!iHFfor theith electron is defined &
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f/f‘F\P(xl,...,xi,...,xN)z W(Xg,eeeXiyee XN)

; f¢§(r’)¢a(r’)|r’—ri|’ld><’

—[é f¢§(r’)‘I’(le---,x',---,XN)lf'—fi|7ld><' dalri). (27)

In Eq. (27), the sums run over the sgt,} of occupied spin—orbitals from which,,r) is constructed. By combining Egs.
(11), (12), and(25)—(27), one arrives at

The(R) =1 4e(R) + (87) "IN(N—1){— (W, |s— R|"X(s—R) - (§8%)| ¥ ) — (1/2)(N—2)(¥ | [s— R| "L(s—R)
[(r1alr3) = (raa/r3) 1|1 Wue) — (U2(W e [s— R ~X(s—R) - [(V V) = (VVEH) [ W)}, (28)

wherel 4=(R) is the conventional intracule density computed from the HF wave funglipp). One should note thzi(R) [Eq.
(17] andl 4(R) [Eq. (28)] are identical fol¥,,r) constructed from exact HF spin—orbitals.
With the help of the Slater—Condon rufsl,,<(R) can be expressed in terms of spin—orbital contributions,

|ue(R)=(1/2) 2, [(ab|3(s~R)[ab)~(ab| (s~ R)|ba)], (29

where|ab) is a shorthand fofe,(r,) ¢p(r,)), etc. Similarly,

THF<R>—|HF<R>=—§ [<ab|é<R>|ab>—<ab|€:<R>|ba>]—gc [(abdD4(R)—Dy(R)|abc)
—(abdD4(R)—D,(R)|achy+(abcD;(R) — D,(R)|cab) —(abdD;(R)—D,(R)|cba)
+<abc|f>1<R>—62<R>|bca>—<abc|f>1<R>—62<R>|bac>]+§6 [(abc/D;(R)—D,(R)|abc)

—(abc|l51(R)—I52(R)|bac)—(abc|l51(R)|cba>+<abc|61(R)|cab>+<abc|62(R)|acb>

—(abdD,(R)|bca)], (30
where
C(R)=(8m) Ys—R| Y(s—R)- (5%, (31
and
Di(R)=(16m) Ys—R| X(s=R)-(ris/r%), i=1,2. (32

In Eqg. (30), the second sum arises from the electron repulsion operator, whereas the third sum originates from the HF
Coulombic and exchange terms. Further simplification of @) yields

Tue(R) = Ige(R)

=—Zb [<ab|6:(R)|ab>—<a|o|é(R)|ba>]+2b [(abdD;(R)|ach)—(abdD(R)|bca)+(abdD,(R)|cab)
—(abdD,(R)|cba)]
=—§[<ablé<R)lab>—<ab|é<R>|ba>]+gﬁ[<abc|f>1<R>+f>1<—R)lacb>—<abc|f>1<R>+f>1<—R)lbca>], (33

where permutational symmetries among the orbital indices have been exploited.

Two observations concerning E(3) are in order. First, the differendg=(R)—I,=(R), which can be interpreted as a
measure of the Coulomb hdleis an even function oR, as demanded by Ed6). Second, the analogous difference
pur(R)—pue(R) between the electron densities equals zero, as the one-electron counte€uacbafmutes wittH — H,, given
by Eg. (26). In other words, the application of the HSF identity is not expected to bring any improvement to the electron
density calculated from exact HF spin—orbitHs.
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D. The spherically averaged HSF intracule density

and its long-range asymptotics g,c (abds-rqy3/r3;bca)
Spherical averaging of E¢33) results in
Tue(R) = 1 ye(R) = %c (ach|s-r,3/s%|bac)
2_% [(ablCoR)|ab) — (ablCa/(R)|ba)] :gc ((achls-r;/s*|bac)—(ach|s-r/s’|bac))
+ gc [(abc|f)av(R)|acb>—<abc| If)av(R)|bca>], _ %C ((ac|s: rl/53|ba)(blc)—(ac|s/s3|ba> -(b|r|c))
(39
where :% (abls-r1/s3|ba)—gc (aclg's’|ba)-(b|r|c),
CafR)=(87R) s min(1,R/s) (40)
—(1/3)min(1,R%s%)], 35
(4/3)min ) (39 2>, (abls-r,/s%|ab)
and ab
DalR)=(87R) (s 11g)r15Tmin(LR/s) =, ({(ab|s-r;/s%|ab)—(ba|s r,/s|ba))
—(1/3)min(1,R%/s%)]. (36) ab
The difference :Eb (ab|s~1|ab), (41)
Alye(R) =Tye(R) ~ 1 4e(R), (37) )

constitutes an approximation to the Coulomb hole as defined " (abls-r,/s%|ba)
by Coulson and Neilsofi* The long-range asymptotics of @b
Aly(R), in which the leading term is inversely proportional

to R, => ((ab|s-r;/s%|ab)—(ba|s-r,/s%|ab))
ab
lim RAI4x(R)
R—®
=, (ab|s |ba), (42)
ab
_ -1| _ -1 _ -1
(12m) % ((abls™|ab)—(abls~Y|ba)) and
+2 ((abds-ry5/riach) 22 (aclgs’ba)-(blr|c)
abc abc
—(abds-ry3/r3 bca)) |, (38 :Eb ((ac|g/s®|ba)-(b|r|c)—(cals/s®|ab)-(b|r|c))
abc
and the other terms decay exponentially, is readily obtained =0, (43

from Egs. (34)—(36). The three-electron terms in E(38)

can be substantially simplified by noting that where the hermiticity of the operators, the real-valuedness of

the spin—orbitals, and the permutational symmetries among
the three electrons have been invoked. By combining Egs.

gc (abds ry3/r3;lach) (39—(43) one arrives at
:zb (achls r;3/s%labo) gc ((abd|s-ry3/r3zlach)—(abds-ry3/r3;bca))
abc
:gc ((achls-ry/s*labc)—(ach|s-r3/s?|labc)) =(1/2)% ({(ab|s~!|ab)—(ab|s~!ba))
:gc ((ac|s-r,/s%|ab)(b|c)—(ac|g/s®|ab)- (b|r|c)) —gc (aclgs¥aby- (b|r|c). (a4

The fact that the three-electron terms cancel out only
= (ab|s-r;/s?lab)— >, (ac|s/s’|ab)-(b]|r|c), about half of the two-electron contribution to the long-range
ab abe asymptotics ofAl(R) [Eq. (38)] implies that the HSF in-

(390  tracule density defined by E¢33) is nonintegrable. In this
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TABLE I. Intracule densities in selected two-electron systéms.

System
Property
(method H™ He Li* Be?*

1(0) HF 0.01630.0221) 0.190%0.1900 0.76970.7689 1.98911.9817%
HF/HSF 0.00000.0015 0.106@0.1056 0.55430.5533 1.58261.5762
“exact” 0.0027 0.1063 0.5337 1.5229

Rmax HF 0.000@0.0000 0.000@0.0000 0.000@0.0000 0.000@0.0000
HF/HSF 0.91560.8817% 0.18570.1867 0.08020.0809 0.04490.0450
“exact” 0.9272 0.1937 0.0834 0.0465

I max HF 0.01630.0221) 0.190%0.1900 0.76970.7684 1.98911.981%
HF/HSF 0.0057.0096 0.12240.122) 0.584@0.5829 1.62621.6197
“exact” 0.0040 0.1165 0.5558 1.5581

Ngp HF 1.000@1.0000 1.000@1.0000 1.000@1.0000 1.000@1.0000
HF/HSF 0.752€0.8006 0.87450.8760 0.92360.9236 0.94520.9452
“exact” 1.0000 1.0000 1.0000 1.0000

W HF 0.45920.5329 1.02611.0269 1.651q1.6503 2.27562.273)
HF/HSF 0.30210.3829 0.859(0.8606 1.486@1.4859 2.11182.1093
“exact” 0.3110 0.9458 1.5677 2.1909

#The 6-311G data followed by the 6-31G data in parentheses.

respect, the application of the HSF identity brings about thalensities were computed for several atoms and ions. Elec-
same qualitative changes to the intracule density as it does toonic wave functions calculated at the HF/6-31G and HF/6-
its one-electron counterpart, namely it furnishes the coales311G levels of theory with thescAussiAN 92 suite of
cence cusp at the expense of an incorrect long-range asymprogram&® were used. The latter basis set is expected to
totic behavior> However, unlike in the one-electron case, yield electronic properties that do not deviate significantly
this deficiency ofl (R) can be easily alleviated by multiply- from those obtained at the HF limit—a supposition that is
ing the three-electron terms in E@3) by a corrective factor supported by the agreement between the respective values of
K, 0.1905(Table ) and 0.1906(Ref. 19 for |4(0) in the he-
~ lium atom. The computed intracule densities are reported in
Hr(R) = 1e(R) Tables | and II. All values are listed in atomic units.

The “exact” intracule densities of two-electron systems
including H™ [Fig. 1(a)], He[Fig. 1(b)], Li* [Fig. 1(c)], and

== 2, [{ablC(R)|ab) —(ab|C(R)|ba)]
Be?* [Fig. 1(d)] were derived from explicitly correlated

+ K§b: [(abc|f)1(R)+ D,(— R)|ach)

_ (abc| f)l(R) + E)l( _ R)|bca)]. (45) TABLE II. Intracule densities in the lithium and beryllium atorhs.
The factork is a solution of the equatigrompare Eqs(38) Property System
and(44)] (method Li Be
1(0) HF 0.78410.7865 2.09812.1155
(K_Z)WHF_ZKEC (aclgs’lab)-(blr|c)=0,  (46) HF/HSF 0.5630.5657 1.65931.6729
“exact” 0.5426 1.6069
where W is the HF electron—electron repulsion energy. 0.00000.0000 0.00060.0000
This simple modification, which does not affect the cusp ™ g /use 0.08010.0800 0.04480.0446
condition[Eq. (23)], not only assures that,<(R) decays ex- “exact” 0.0842 0.0468

ponentially withR— < but, as demonstrated in the following

section of this paper, also markedly improves its accuracy for™ HF

0.78410.7865

2.09812.1155

| HF/HSF 0.59410.5959 1.70511.7189
all values ofR. One should note that for spherically sym- “exact” 0.5652 1.6444
metrical systems with only the-type spin—orbitals occu- N HE 3.00003.0000 6.00006.0000
p|ed,<_b|r|c> vanishes for all spin—orbital paird(c), imply- P EMSE 2'.8589228555 5:551&5:5643
Ing xk=2. “exact” 3.0000 6.0000
W HF 2.28182.2968 4.48954.5502
. NUMERICAL EXAMPLES HF/HSF 2.08282.0950 4.10174.1581)
“exact” 2.1895 4.3787

In order to assess the usefulness of the newly derived

identities, the HFE(g. (29)] and HF-HSHEQ. (45)] intracule  2The 6-311G data followed by the 6-31G data in parentheses.
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FIG. 1. Intracule densitielsolid line, “exact” I (R); broken line,l ,«(R), Eqg. (29); dotted Iine,fHF(R), Eq. (45)] in select two-electron system@&@) H™, (b)
He, (0) Li*, and(d) B€**.

Hylleraas-type wave functiohSwith 491 terms. Details of The data obtained for the helium atom illustrates the
these calculations, which included terms in the Fock expanimportance of the corrective factarpresent in Eq(45). As
sion necessary for an accurate description of the threementioned above],=(0) equals 0.1905 for this system,
particle coalescence region, have been publishedvhich amounts to an overestimation by as much as 80%. The
elsewheré® The computed “exact” value of 0.1063 fof0)  application of Eq. (45 lowers the intracule density to
in the helium atom(Table ) agrees very well with those of 0.1060, which is within 0.4% off the “exact” value. On the
0.1071(Ref. 20 and 0.1063(Ref. 19 obtained previously other hand, the uncorrected identfyq. (33)] yields | ,£(0)
from 20- and 184-term Hylleraas-type wave functions, re-equal to 0.0749, grossly exaggerating the effects of electron
spectively. Similarly good agreement is observed betweegorrelation on the intracule density. One should mention that
the presentTable ) and the previously reportédradial po-  the latter value is close to that of 0.0787 reported in the
sitions (Rya: 0.1937 vs 0.1905 and magnitudes(l,,:  original HSF papéerfor 1(0) computed from the one-term
0.1165 vs 0.116k0f the maximum inl (R). The present “ex-  Hylleraas wave functioriwhich can be regarded as a crude
act” estimates of (0) in H™, Li*, and B&" also match the approximation to the HF wave functipnin conclusion, the
literature dat¥ very closely. choice of the corrective factor that assures integrability of
Comparisons of the HF and HF-HSF intracule densitied 4=(R) also enhances its accuracy at small interelectron dis-
with their “exact” counterpartgTable | and Fig. 1reveal tances. As expected from the considerations presented in the
dramatic improvements in accuracy brought by the applicapreceding section of this paper, this choice corresponds to
tion of Eq. (45). These improvements are of both qualitative settingx=2 for all systems studied here.
and quantitative nature. First of all, the cuspRat0 that are The improvement brought by the application of E45)
missing inl 4=(R) appear in the respectivgg(R). The intra- is limited to the short-range portion of the intracule density.
cule densities aR=0 are significantly reduced, bringing This fact is uncovered by numerical integrations|gg(R)
them into much closer agreement with those obtained froniEgs. (7) and (8)] which produce values df., and W that
explicitly correlated wave functions. Moreover, the locationsare markedly lower than their “exact” counterpaftee the
Rmax @nd the magnitudek;,,, of the radial maxima i (R) last two sections of Table.lIn particular, the decrease in the
precipitated by the presence of the electron coalescenadectron—electron repulsiow/ due to electron correlation,
cusps are reproduced with impressive accuracy by the HRwvhich (except for H) amounts to~0.08 in the helium se-
HSF calculations. ries, is overestimated by about 100%. Similarly, the com-
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6100 Cioslowski et al.: Electron intracule densities

(exact or approximajevave functions with the help of iden-
tities derived within the Hiller—Sucher—FeinbeigSH for-
malism. Applications of such identities range from a new,
simplified derivation of the cusp condition for exact intracule
densities to the computation of the Coulomb holes and de-
sign of new density and density matrix functionals.

When applied to the Hartree—Fock single-determinantal
wave functions, the HSF formalism yields a correction to the
HF intracule density that involves only two- and three-
electron terms. Although this correction does not lead to in-
_ : ; tegrablel (R), the integrability is readily restored by scaling
(a) R of the three-electron contributions. The scaled expression for
Iu(R) [Eq. (45)] produces intracule densities that, when
compared with their “exact” counterparts, are found to be at
least one order of magnitude more accurate than the densities
obtained from the conventional definitipgs.(3) and(29)].

In addition, the HF-HSF intracule densities not only possess
cusps at their origins but also exhibit maxima with radial
positions and magnitudes closely paralleling those present in
the “exact” | (R).

Although the newly derived identities tend to grossly
overestimate the effects of electron correlation on the
electron—electron repulsion energy, they constitute the first
step in the quest for energy functionals of the HF density
matrix that do not involve semiempirical modeling of the
Coulomb hole. With the short-range electron—electron inter-
FIG. 2. Intracule densitiefsolid line, “exact” I(R); broken line,l«(R), ~ actions accurately accounted for in our approach, the future
Eqg. (29); dotted line,l ,¢(R), Eq. (45)] in (&) Li and (b) Be. improvements in the accuracy 0iR) (and thusw) will have
to come from a better description of the medium- and long-

range correlation effects.
puted numbers of electron pairg, are too low by amounts

approximately proportional to —=2)"1. The failure of

I4e(R) to yield accurateN,, andW is a direct consequence
of the fact that I (R)<Ix(R) everywhere, implying ACKNOWLEDGMENTS
Aly(R)<0 for all values ofR (see Fig. ], whereas the
actual Coulomb hole is known to be negative for srRatind

0.8

Q
)

Intracule Density
(=3
~

0.2
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were calculated by a variational Monte Carlo method. Accu- ; :
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rate electronic wave functions that recover 99.6% and 99.20)cJ>
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of the correlation energy in Li and Be, respectively, were first
computed with a variance minimization technigtiand then
used in accelerated Metropolis Monte Carlo calculafibn
the intracule densities. Comparisons of these densities witAPPENDIX
the corresponding HF and HF-HSF data show that the im-
provements in the computed values|¢0), R ., andl 4,
(Table 1) obtained upon the application of the corrected HS
identity [Eq. (45)] parallel those observed in the two-electron
systems. However, as in the two-electron case, the HSF co
rections tol (R), which restore the electron coalescence cusp

conserving shift in the probability density that reduces th

The one-center, two-electron integrals that occur in cal-
pculations of the electron intracule densities in the helium-,
lithium-, and berylliumlike atoms and ions possess the gen-
?_ral form

and improve the overall accuracy for small valuesRafFig. (ik|(5|jl)=f J exp( — air2— oy r2)0(9)
2), have a negative effect on the global properties such as
Nep OF W. X exp(— a;ri—eyr3)dr,dry, (A1)

where the operatdb is a potential that depends on the vari-
able s [Eq. (2)] only. Evaluation of these integrals com-

Electron intracule densities that possess the electron coaences with the substitution éf,,r,) by (r,s), followed by
lescence cusp at the origin can be calculated from arbitrarthe integration over,

IV. CONCLUSIONS
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C = ajja/ aijq - A3
<|k|O|j|>=f f O(s)exn:_aij(r+5/2)2 Q= O g | Ajjk| ) (A3)
For the integralgik| 8(s—R)|jl ) that arise from Eq(29)

— ay(r—92)?]drds one obtains
=f f O(s)ex — ajj (r2+s?/4) (ik| 3(s—R)|jI >:(7T/a’ijk|)3/2f 8(s—R)exp( — as?)ds
—(ajj—ay)(r-s)]drds = (7l aijju)*'? exp(— aR?), (A4)
_ (W/aijkl)s/zf O(S)exp — as?)ds, (A2) :Etzg:;esment with the previously published formul&3The
where Cikgi(R)=(8m) " X(ik||s—R|"{(s—R)-(§s°)[jl), (A5)

aj=aita;, ay=ata), ajg=ajtay,

that enter Eqs(33) and(45), giving rise to the cusp &=0
and [see Eqgs(18)—(22)], are computed as follows:

Cikjl(R)I(877)71(77/aijk|)3/2f |s—R|~}(s—R)-(s/s®)exp(— as?)ds
=w‘z(w/aijk,)mfwfcwzdudwf exfd —u?(s—R)?]Jexp —w?s?)(s—R)-s exp( — as?)ds
0oJo
=w‘z(w/aijm)mfwfcwzdudwf exfd — (U?+w?+ a)s?— u?R2+ 2u%(s-R)](s— R) - sds
0oJo

=w‘2(w/aijk|)3’2f JWZ exr{—uz(w2+a)(u2+wz+a)‘1RZ]dudwf exd — (U +w?+ a)s'?]
o Jo
X[s' —(W?+ a)(U?+wW?+ @) IR]-[S +U?(u?+wW?+ ) 1R]dS',
=w*1’2(w/a”k.)3’2f J WA U2+ w2+ a) "7 (3/2) —uA(WP+ a) (WP + WP+ a) T IR?]
0oJo

x ex — u?(W?+ a)(U?+w?+ ) *R?]du dw, (AB)

where the Laplace transforms fts—R| " ands™ 2 have been used. The next step in the evaluatio@;gf(R) involves the
substitution

w=a?2(t?-1)12, dw=a?t(t>—1)"Y2dt, te[l,0), (A7)

which leads to

cik,-.(R)zw*l’z(m/aijk,)mf f t(t2 = 1)M2(U?+ at?) "7 (3/2) — au?t?(U?+ at?) TIR?]
0J1

X exf — au?t?(u?+ at?) "1R?]du dt (A8)
The second substitution
u=a'?tv(1-v? Y2, du=a2(1-v? *2dv, vel0,1], (A9)
results in

1 [
cikj.(R)z(m)*“?(w/aijkl)mf f t3(t?2—1)Y2A(1-0?)[(3/2) — av’t?R%]exp( — av’t?R?)dv dt
0J1
=(m)*1’2(w/ai,-k.)3’2f t73(t2— 1) Y2(3/2)Fo( at?R?) — [ (3/2) + at?R?]F 1 (at?R?) + at?R?F,(at?R?)}dt
1

=(m)*1’2(w/ai,-k.)3’2f t73(t2— 1) Y2F o (at®R?)dlt, (A10)
1
where the recursidft

Downloaded-29-Jun-2003-to-128.146.38. 15 1CHemYi &AKS YRl st cNoo 141 - RUALEL. 4293 pyright,~see-http://ojps.aip.org/icpolicper jsp



6102 Cioslowski et al.: Electron intracule densities

Fa(X)=(2x) " (2n—1)F,_1(x) —exp(—X)], (A11)

for the well-known functions=,(x),

Fa(x)= f Olyz” exp(—xy?)dy, (A12)
has been employed. By applying the identry,
f :Ot_?‘(tz— 1)M2F o(At?)dt

=(ml12)(3+2A)[1—erf(AY?)]+(1/6) 7*°A Y 1—(1+A)exp(—A)], (A13)
one finally arrives at

Cij(R)=(1/12)a™ Y& (ml ajju) ¥4 w3+ 2aR?)[ 1 - erf(a?R) |+ 2(aR?) " 1— (1+ aR?)exp — aR?)}. (Al4)

The one-center, three-electron integrals,

Dikmjin(R)=(167) ~*(ikm||s—R|~*(s=R)- (ry3/ria)jin) (A15)

that enter Eqs(33) and (45) are evaluated as follows:

Dikmjln(R):(167T)_1JJJ exq—airf—akrg—amr§)|s—R|_1(s—R)'(r13/rf3)exr(—ajri—alr§—amrg)drldrzdr3
:(1/4)W_1/2f0 tzdtfffexp(—aijrf—aldrg—amnrg—t2r§3)|s—R|‘1(s—R)-r13dr1dr2dr3
:(1/4)amnf0 tz(amn+t2)_5’2dtf f exff — ;i1 i— apr— amt®(ematt2) " 1ril[s—R|"X(s—R)-rydr,dr,

1
=(1/4)f0w2dwff exd — (aij + W2 amors—ayrsl|s—R| *(s—R)-rydr,dr,, (A16)

where the Laplace transform far;j~* and the substitution
t=al2w(1-w?) Y2 dt=al2(1-w?) 2w, we[0,1], (A17)

have been used. Application of another Laplace transfornsfeR| ™ leads to

o (1
Dikmj,n(R)=(1/2)w‘1/2J fwzdu dwff exf — (aij+ amaW?)ri—ayrs—u?(ry—r,—R)?J(ry—r;—R)-rydridr,
0 Jo

o (1
=(m12) g fo Jo(ak|+u2)‘5’2w2a&.’2du dwf expl — (ajj+ apW?)ri— agu(ag+u®) H(ri—R)?]
X(r{—R)-rqdrq

111
=(7r/2)a|Z,1J'O fo(l—zz)w2 dz dwj exfd — (aij+ amW?)ri— e z?(r;—R)2](ry—R) - r,dr;

111
:(1/2) ’77'5/20(|Z|lfo J'O (1_22)W2( a’ij + amnW2+ ak|22)75/2[(3/2)— ak|22(aij + amnwz)

X (i + amaW?+ az?) TR ]ex] — angZ( atij + atmaW?) (@i + W+ ajqz?) T TR?]dz dw (A18)

where the substitution

u=ai’z2(1-z% "2, du=ai(1-2% %2z, ze[0,1], (A19)
has been employed. A further simplification of E§19) is achieved with two subsequent substitutions

w=(t>—B)Y?, dw=t(t>-B) " Y2dt, te[BY?(1+pB)Y], (A20)
and

2= apptolamdt®+ a(1-0v)]7 " dz=agft(amd?+ @) amdt’+ aa(1-0?)]7*dv, v e[0,1], (A21)
where
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,8=aij/amn. (AZZ)

This results in
Dikmjin(R)= 1/2)775/201|Z|1f01 fﬁ(ll,:wllz(l— 2t (12— B amnt®+ agz?) ¥ (312) — ez’ amt (et ® + agz®) ~1R?]
xexf — a2 amt?(amt®+ ayz?) “'R?]dz dt
=(U2)mapiay’” f 01 f;;ﬁ L 0232 )2+ )M (312)~ gl 4+ D)~ H022RE]

X ex — ay amn( g+ amit?) ~02t?R?]dv dt

1 1/2
=(1/2) w5’2ar;§ak‘|1f(1;ﬂ) 32— B) M2y + g rt?)” Y2F o gl g+ armet?)” H2RZ]dIL. (A23)
B
The final substitution
t=(aay/am) " 1(ay—ar®) 12 dt=(eay/am) Pag(ay—a®) ¥, re[l,y], (A24)
where
y=(1+ ol aip) Y1+ ay /(e + am) ]2, (A25)
yields
Y
Dikmjm(R)=(1/2) W5/2a;§/2a71ailj/2a|z|3lzjl 7 3(P-1)YFy(ar®R?)dr. (A26)

This integral, which is analogous to that appearing in E&L0), cannot be expressed in a closed form. In the actual
calculations reported in this paper an equivalent expression,
_ 3 1 32 -a2m-1 [BHD 12 _1/2 s —1/2742
Dikmjin(R) =(1/4) ma;; "™ “amn ‘R o erfl ajj “ai "Rl ijji — agt?) ~ ~Jtodt, (A27)

is employed for the sake of a superior numerical accuracy. A 40-point scaled Chebyshev—Gauss quadrature produces integrals
with absolute errors of less than T0and 10°° when used in conjunction with Eq6A26) and (A27), respectively.

1A. J. Coleman, Int. J. Quantum Chef8, 457 (1967). M. A. Robb, E. S. Replogle, R. Gomperts, J. L. Andres, K. Raghavachari,
2A. J. Thakkar, inDensity Matrices and Density Functionalsdited by R. J. S. Binkley, C. Gonzalez, R. L. Martin, D. J. Fox, D. J. DeFrees, J.
Erdahl and V. H. Smith, J¢Reidel, New York, 198y Baker, J. J. P. Stewart, and J. A. Pofgaussian, Inc., Pittsburgh, Penn-
SA. J. Thakkar, A. N. Tripathi, and V. H. Smith, Jr., Int. J. Quantum Chem. sylvania, 1992
26, 157 (1984. D. E. Freund, B. D. Huxtable, and J. D. Morgan, Phys. Re29A980
4J. Wang, A. N. Tripathi, and V. H. Smith, Jr., J. Chem. Ptg&. 9188 (1984).
(1992. 18C. J. Umrigar and X. Gonze, Phys. Rev58, 3827(1994.
5A. J. Thakkar and V. H. Smith, Jr., Chem. Phys. Lé®, 476 (1976. 19F, Arias de Saavedra, E. Buendia, and F. J. Galvez, J. Phgg, B131
8A. E. Carlsson and N. W. Ashcroft, Phys. Rev2B, 3474(1982. (1994).
7J. Hiller, J. Sucher, and G. Feinberg, Phys. ReiL8A2399(1979. 203, S. Dehesa, J. C. Angulo, and T. Koga, Z. Phy25)16 (1992.
8M. Challacombe and J. Cioslowski, J. Chem. PHy0, 464 (1994. 21C. J. Umrigar, K. G. Wilson, and J. W. Wilkins, Phys. Rev. Léfl, 1719
9J. Cioslowski and M. Challocombe, Chem. Phys. L284, 175 (1994). (1988; Computer Simulation Studies in Condensed Matter Physics: Re-
10T, Kato, Commun. Pure Appl. MattL0, 151 (1957). cent Developmentgdited by D. P. Landau, K. K. Mon, and H. B. Sthu
1E. Steiner, J. Chem. Phy39, 689 (1963. tler (Springer-Verlag, Berlin, 1988
2A. Szabo and N. S. Ostlundlodern Quantum ChemistiMcGraw-Hill, 22C. J. Umrigar, Phys. Rev. Letf1, 408(1993.
New York, 1989. 23], M. Ugalde, C. Sarasola, L. Dominguez, and R. J. Boyd, J. Math. Chem.
135, Larsson, Chem. Phys. Le#t7, 176 (1981). 6, 51 (199)).
14C. A. Coulson and A. H. Neilson, Proc. Phys. Soc. Lon@8r831(1961). 24|, Shavitt, in Methods in Computational Physicedited by B. Alder, S.
153, Cioslowski and M. Challacombe, Theor. Chim. A8& 185(1992. Fernbach, and M. Rotenbetgcademic, New York, 1963 \Vol. 2.

16GaussIAN 92, Revision B, M. J. Frisch, G. W. Trucks, M. Head-Gordon, P. ?°I. S. Gradshteyn and |. M. RyzhiRables of Integrals, Series, and Prod-
M. W. Gill, M. W. Wong, J. B. Foresman, B. G. Johnson, H. B. Schlegel, ucts(Academic, New York, 1980

Downloaded-29-Jun-2003-to-128.146.38. 15 1CHemYi &AKS YRl st cNoo 141 - RUALEL. 4293 pyright,~see-http://ojps.aip.org/icpolicper jsp



