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We use the variance minimization method to determine accurate wave functions for first-row
homonuclear diatomic molecules. The form of the wave function is a product of a sum of
determinants and a generalized Jastrow factor. One of the important features of the calculation is
that we are including low-lying determinants corresponding to single and double excitations from
the Hartree–Fock configuration within the space of orbitals whose atomic principal quantum
numbers do not exceed those occurring in the Hartree–Fock configuration. The idea is that
near-degeneracy correlation is most effectively described by a linear combination of low-lying
determinants whereas dynamic correlation is well described by the generalized Jastrow factor. All
the parameters occurring in both the determinantal and the Jastrow parts of the wave function are
optimized. The optimized wave functions recover 79%–94% of the correlation energy in variational
Monte Carlo and 93%–99% of the correlation energy in diffusion Monte Carlo. ©1996 American
Institute of Physics.@S0021-9606~96!01125-7#

I. INTRODUCTION

One advantage of the quantum Monte Carlo~QMC!
method versus conventional quantum chemistry methods,
e.g., configuration interaction~CI!, is the freedom in the
choice of the functional form of the wave function. It is
possible to construct a compact and accurate wave function
if its functional form incorporates the analytical features of
the true wave function. CI, for example, uses an expansion in
determinants of single-particle orbitals that is slowly conver-
gent because it cannot reproduce the cusps in the wave func-
tion at the electron–electron coalescences.1 On the other
hand, if the functional form is sufficiently flexible to have the
correct analytic structure at the electron–nucleus, electron–
electron and possibly higher body coalescence points, then, a
relatively compact wave function with 50–100 free param-
eters can be found that yields energies comparable to a CI
wave function with millions of determinants.

In QMC methods, the interelectron cusp is built into the
wave function by multiplying one or a sum of determinants
corresponding to the Hartree–Fock~HF! configuration or
a small set of multiconfiguration self-consistent-field
~MCSCF! configurations with a Jastrow factor. The Jastrow
factor is a function of the interelectron distances so that it
directly correlates electrons with one another. Despite the
freedom available in the construction of the Jastrow factor, a
very simple form has been used in most cases. A generalized
Jastrow factor that also includes electron–electron–nucleus
correlation terms has been successfully applied to atomic
systems2,3 and is here modified to treat multicenter systems.
The other component of the wave function is the determinan-
tal part. Although a single determinant wave function has
often been employed, it is well known that the nondynamic

part of the electronic correlation, originating from the near-
degeneracy of the molecular orbitals, can be efficiently de-
scribed by the use of a linear combination of determinants. In
the present work, this idea is pursued in the construction of
the trial wave functions for molecules and leads to accurate
results when combined with a generalized Jastrow factor for
the description of the so called dynamic component of the
electronic correlation.

Since the statistical error, the computational time and the
difficulty in obtaining good trial wave functions increase
with atomic number, some of the more interesting QMC cal-
culations of finite and extended systems have been valence-
only ~pseudopotential! calculations.4 However, there is some
evidence that the errors introduced in QMC by using pseudo-
potentials calculated within the local density approximation5

or HF6 are not negligible. Hence, in this paper we will re-
strict ourselves to calculations performed without the
pseudopotential approximation. Some accurate all-electron
QMC calculations of fairly light molecules are available in
the literature~two recent reviews are Refs. 7 and 8! but the
only attempt to systematically study the performance of
QMC methods for first row molecules9 does not provide en-
couraging results. The authors used a simple form of the
Jastrow factor and a single determinant wave function and
they recover a progressively smaller fraction of the correla-
tion energy for molecules of increasing size, N2 being the
largest molecule studied. Their variational correlation energy
for the homonuclear diatomic molecules ranges between
14% and 40% and the magnitude of the Green’s function
Monte Carlo~GFMC! errors is so large~5%–14%! that it is
difficult to judge the significance of the results. Other authors
performed calculations on first row molecules10–14but not in
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a systematic way so that little insight is gained on the overall
success and limitations of QMC methods. Here, we present
both single configuration and multiconfiguration calculations
of first-row homonuclear diatomic molecules from Li2 to F2
for which we obtained results superior to previous QMC cal-
culations for molecules. However, we still did not achieve
chemical accuracy~1 kcal/mol50.0016 Hartree/molecule!.
Since our wave functions are the result of a nonlinear opti-
mization of the variance of the local energy on a relatively
small set of configurations, better results may quite possibly
be found by further optimizing the parameters in our wave
functions. Nevertheless, our results provide a benchmark to
which future molecular QMC calculations can be compared.

In Sec. II, the functional form of the trial wave function
is described. In Sec. III, we briefly present the variance op-
timization method used to determine the parameters that en-
ter in the molecular wave functions, the variational Monte
Carlo ~VMC! and the diffusion Monte Carlo~DMC! meth-
ods. In Sec. IV, we report the ground state energies we ob-
tained for the first row diatomic molecules with our trial
wave functions in VMC and DMC and compare them with
the results of other authors. We also present the values ob-
tained in VMC for the root mean square fluctuation of the
local energy and the autocorrelation time of the local energy.
In Appendix A, we briefly discuss the source of spin con-
tamination in our wave functions and three more general
forms of the wave function than the one used in the rest of
the paper. In Appendix B, we list the parameters that enter in
the most accurate wave function for each molecule.

II. FUNCTIONAL FORM OF THE WAVE FUNCTION

The most commonly used wave function in QMC is a
sum of determinants of single-particle orbitals multiplied by
a simple Jastrow factor:

C5S (
n

dnDn
↑Dn
↓D J~r i j !. ~1!

Dn
↑ andDn

↓ are the Slater determinants of single particle or-
bitals for the up and down electrons, respectively. The orbit-
als are a linear combination of Slater basis functions multi-
plied by spherical harmonics centered on the atoms:
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wherer i is the position of electroni and r ia is its position
with respect to the nucleusa. The sum overa denotes a sum
over the nuclei and the sum overk is over the basis functions
centered on the nuclei.Nka

is the normalization of the radial
part of the basis function and is equal to
@(2zka

)2nka
11/(2nka

)! #1/2. As opposed to a Gaussian basis
set, a Slater basis is suitable to describe the electron–nucleus
cusp. The determinants are expressed in terms of symmetry
orbitals and are constructed to have the space and spin sym-
metry of the ground state. For a homonuclear diatomic mol-
ecule, we want the wave function to be an eigenstate of the
component of the total angular momentum along the axis of
the molecule,Lz , and of the spin operatorsS

2 andSz where

S is the total spin operator. In most earlier work, a single
determinant wave function was used with the orbitals frozen
to be the HF orbitals. We believe that in order to obtain wave
functions that have a good variational energy and a small
root mean square fluctuation of the local energy, it is impor-
tant to relax the HF orbitals when the determinantal part is
multiplied by a Jastrow factor: the optimal determinant when
no Jastrow is present is not the optimal determinant in the
presence of the Jastrow. Therefore, we optimize the expo-
nents$zka

% of the basis functions, the coefficients$cka
% of

the expansion of the orbitals in the Slater basis and the co-
efficients multiplying the determinants$di%. Algebraic rela-
tions exist among the coefficients$cka

% because the orbitals
belong to the irreducible representations of the point group
of the molecule. Symmetry requirements on the determinants
yield constraints also among the coefficients$di%. As a con-
sequence, there is a considerable reduction in the number of
free parameters.

A simple, commonly used Jastrow factor is

J~r i j !5)
i, j

expS bri j
11b8r i j

D , ~3!

where the product is over all pairs of electrons. Imposing the
electron–electron cusp condition~]J/]r i j5J/2 for unlike
spin andJ/4 for like spin electrons whenr i j50! fixes the
value ofb to 1/2 for antiparallel spin electrons and 1/4 for
parallel spin electrons. Therefore, if we want to satisfy the
electron–electron cusp conditions both for antiparallel and
parallel spin electrons, we are forced to use a different Ja-
strow factor for like and unlike spin electrons. However, the
use of a nonsymmetrical Jastrow factor yields a wave func-
tion that is not an eigenstate ofS2 although the determinantal
part is constructed to be an eigenstate of bothS2 andSz . To
the best of our knowledge, this has never been mentioned in
the literature. Therefore, we have the choice of having a
wave function that is not an eigenstate ofS2 or violating the
cusp conditions for parallel spin electrons by correlating
them with the same Jastrow factor as the antiparallel ones.~It
is preferable to sacrifice the parallel spin electron cusp con-
dition than the antiparallel one since it is unlikely for two
parallel spin electrons to be close.! Here, in common with
most earlier work, we choose to satisfy the cusp conditions
by using a nonsymmetrical Jastrow factor, with the under-
standing that we are breaking the spin symmetry and that our
wave functions will be contaminated by other spin compo-
nents. This choice is motivated by the fact that the nonsym-
metrical Jastrow yields wave functions that have about 15%
smaller fluctuation of the local energy. Moreover, spin con-
tamination does not affect the energy obtained in fixed-node
DMC. The Jastrow factor does not alter the spatial symme-
try, determined by the determinantal part, because it depends
on the interelectron coordinates and is therefore completely
symmetric under spatial rotations and reflections. In Appen-
dix A, we discuss the source of spin contamination and re-
lated issues in some more detail.

The generalized Jastrow factorJ(r i ,r j ,r i j ) we use is a
modification of the form introduced by Umrigaret al.2 which

214 C. Filippi and C. J. Umrigar: Quantum Monte Carlo calculations

J. Chem. Phys., Vol. 105, No. 1, 1 July 1996

Downloaded¬29¬Jun¬2003¬to¬128.146.38.191.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp



yields good wave functions for atoms by explicitly introduc-
ing electron–electron–nucleus correlation. This form is a
generalization of the Boys and Handy15 form. Subsequently,
other authors,10,16 using arguments based on backflow wave
functions, arrived at a similar functional form but they in-
clude only a subset of the possible terms. Our generalized
Jastrow factor is written as a product of terms of increasing
body-order correlation. Thus, we consider up to three-body
correlation by including terms to describe the electron–
nucleus correlation,Aa i , the electron–electron correlation,
Bi j , and the electron–electron–nucleus correlation,Ca i j :

J~r i ,r j ,r i j !5)
a i

exp~Aa i ! )
i j

exp~Bi j ! )
a i j

exp~Ca i j !.

~4!

The electron–nucleusA term could be omitted from the Ja-
strow factor provided that a sufficiently large single particle
basis is used in constructing the determinantal part. We omit
three electron correlations since, due to the exclusion prin-
ciple, it is unlikely for more than two electrons to be close
because at least two of them must have the same spin. There-
fore, we think we have included the most significant contri-
butions to the electronic correlation. The importance of three
electron and higher order terms is discussed in Ref. 17. In
order to ensure that the Jastrow factor is well behaved at
large interparticle distances, we express the generalized Ja-
strow factor in terms of scaled coordinates:

Ria5~12e2kr ia!/k, U5~12e2kr i j !/k. ~5!

These scaled variables approach the value 1/k as the un-
scaled ones go to infinity. It is not necessary to introduce
scaled distances if the Jastrow factor is a ratio of two poly-
nomials of the same degree in the interparticle coordinates.
However, also in this case, the use of scaled variables would
result in a faster convergence in the polynomial order and a
more controlled behavior in the limit of large interparticle
distances.

The three terms in the generalized Jastrow factor as
functions ofU, S5Ria1Rja andT5Ria2Rja are

Aa i5
aRia

11a8Ria
, ~6!

Bi j5
bU

11b8U
, ~7!

Ca i j5
P~$c%,U,S,T!1F~$ f %,U,S,T!

11P8~$c8%,U,S,T!

1F8~$ f %,U,S,T!. ~8!

P andP8 are polynomials inU, S, andT. We discuss later
how we choose the degree of the two polynomials.F andF8
contain nonanalytic terms inU, S, andT:

F1F85 f 1F2,11 f 2F2,01 f 3F3,11~ f 4U1 f 5S!R

1~ f 6U
31 f 7S

31 f 8U
2S1 f 9US

2!/R

1@ f 10U
31 f 11S

31 f 12U
2S1 f 13US

2

1~ f 14U1 f 15S!T2# ln@R/~11R!#, ~9!

whereR is the hyperradius,R5(Ria
2 1Rja

2 )1/2. F contains
the terms (f 2 , f 4– f 9) andF8 the terms (f 1 , f 3 , f 10– f 15). F
appears in the numerator of the ratio because it contains sec-
ond order terms whose coefficients are related to those in the
polynomialsP andP8 through the cusp conditions. All the
terms inF andF8 are nonanalytic in the interparticle coor-
dinates. They are motivated by the Fock expansion for the
helium atom and are introduced to cure the discontinuity that
occurs in the local energy when the two electrons collapse
onto the nucleus.18 In the above expression, we present the
sum ofF andF8 instead of the separate contributions so that
the order of the first three terms and the remaining twelve
terms reflects the order in which they appear in the Fock
expansion. The ground state wave function of helium cannot
be expanded in a power series of the interparticle
coordinates19,20 but there exists an expansion in powers of
the hyperradius and its logarithm called the Fock
expansion:20

C~r 1 ,r 2 ,r 12!5 (
k50

`

(
p50

@k/2#

ck,pR
k~ ln R!p5 (

k50

`

(
p50

@k/2#

Ck,p ,

~10!

where the coefficientsck,p are in general complicated func-
tions of the hyperangles. Fock derived an explicit expression
for c0,0 andc1,0 and the functional form ofc2,1 but not its
prefactor. Ermolaev21 showed that it is possible to derive
recursively in closed form allck,p with k52p11 and
k52p, such asc2,1, c3,1, c4,2, etc., and obtained explicit
expressions forc2,1 andc3,1. The correct expression forc4,2
can be found in Ref. 22; all earlier expressions by other
authors are erroneous. Numerous efforts to solve forc2,0
were unsuccessful until the mid-1980’s when Gottschalk,
Abbott, and Maslen23 made extensive use of computer alge-
bra to obtain a complicated but closed form expression for
c2,0 in terms of elementary functions and the Lobachevsky
function. The expressions ofc0,0, c1,0, c2,1, andc2,0 are re-
ported in Eq.~14! of Ref. 18, whilec3,1 is given in Eq.~74!
of Ref. 22.

One problem with the inclusion in a trial wave function
of the lowest terms of the Fock expansion, is that the expan-
sion does not satisfy the cusp conditions when truncated at
any finite order. However, an exponential form of the Fock
expansion does have the correct cusps at any order.18 If we
indicate byFk,p the term in the exponent of the exponenti-
ated expansion,F1,0 yields a wave function that satisfies the
cusp conditions given that all the other terms are cuspless, so
it cures the divergence of the local energy at the electron–
nucleus and electron–electron coalescence points. Note that
F1,0 does not appear in Eq.~9! because it is analytic in the
interparticle coordinates and is included in theA andB terms
@Eq. ~8!#. IntroducingF2,1 andF2,0 eliminates the disconti-
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nuity of the local energy at the three body coalescence and
the addition ofF3,1 results in a finite rather than infinite
slope in the local energy at that point as discussed in Ref. 18.
Since we know the lowest order terms of the Fock expan-
sion, we can simply include them in the wave function by
setting the coefficientsf 1– f 3 to one in Eq.~9!. In this case
one should note that the use of scaled variables@Eq. ~5!# in
the expression ofF2,1 and the expansion of the denominator
in Eq. ~8! generate terms in the unscaled variables that con-
tribute toF3,1 and have to be canceled by properly defining
the coefficientsf 10– f 15. Similarly, the scaled variables in
F1,0 and the denominator in Eq.~8! generate second order
terms that contribute toF2,0 and are canceled by properly
fixing the coefficients ofU2, US, S2, andT2 in the polyno-
mial P @Eq. ~8!#. An alternative approach to the use of the
exactF2,0 andF3,1, is to implement the two sets of terms
f 4– f 9 and f 10– f 15 that are, respectively,F2,0-like and
F3,1-like terms. Thef 4– f 9 terms are the first few terms in an
infinite series expansion ofF2,0 in U/R and S/R and the
f 10– f 15 terms are the six terms that make upF3,1. These
terms enter in the expression ofF2,0 andF3,1 with coeffi-
cients determined by the Fock expansion but can instead be
treated as variationally independent in order to provide addi-
tional freedom. In particular,F3,1 is a higher order term so
that we expect that, in a variational calculation, the coeffi-
cients of its constituents become quite different from the
ideal value. Another motivation in the use of theF2,0-like
terms is that the computation ofF2,0 is fairly expensive.
Here, we fix the coefficientf 1 of the lower order termF2,1 to
one and we use theF2,0-like andF3,1-like terms. In our Fock
motivated terms as well as inF2,1 andF3,1, we use ln„R/
~11R)… instead of the lnR in the exponentiated Fock expan-
sion in Ref. 18, to enforce that the logarithm does not change
sign. The inclusion of the Fock terms results in a small but
significant reduction in the fluctuations of the local energy
which is not attainable by simply adding more analytic terms
in the Jastrow part.

Imposing the electron–electron and electron–nucleus
cusp conditions yields algebraic relations among the varia-
tional parameters of the trial wave function. For simplicity,
we constrain the coefficients inC to not contribute to the
cusp conditions~]C/]r i j50 at r i j50 and ]C/]r ia50 at
r ia50! so that the electron–electron cusp condition is satis-
fied as in the simple wave function by settingb to 1/2 for
antiparallel spin electrons and to 1/4 for parallel spin elec-
trons. The electron–nucleus cusp condition
~]Ĉ/]r ia52ZC at r ia50, where the hat denotes a spheri-
cal average! relates the coefficienta of the Jastrow factor to
the parameters of the determinantal part through the equa-
tions

(
n

dn
]Dn
↑D̂ n
↓

]r ia
52~Z1a!(

n
dnDn

↑Dn
↓ at r ia50,

~11!

that are satisfied if the single-particle orbitalsf’s obey the
similar equations]f̂/]r ia52(Z1a)f at r ia50.

The electron–electron–nucleus term in the wave func-
tion @Eq. ~8!# is written as a ratio of two complete polyno-
mials P and P8 in the interparticle coordinates. This form
was successfully applied to atomic wave functions2,3 and
now we investigate it within molecular systems. For all the
first row homonuclear molecules, we generated a set of wave
functions by using a ratio of two fourth order polynomials
and another set with a simple fifth order polynomial~P850!.
The two Jastrow factors have approximatively the same
number of terms once all the dependencies among the pa-
rameters have been taken in consideration. For all the mol-
ecules, we obtain roughly equally good variational energies
with the two Jastrow factors. For the molecule we studied
most carefully, Li2, the variance of the local energy is
slightly smaller for the rational polynomial than the single
polynomial. For the heaviest molecules, the situation is re-
versed, but we believe this is due to our failure to find the
global minimum. Our empirical finding is that the optimiza-
tion process requires fewer steps for the polynomial than for
the rational polynomial. Another advantage of using a single
polynomial is that it is simpler to impose the cusp conditions.
Consequently, we adopt the wave function in@Eq. ~8!# with
P being a fifth order polynomial andP850.

In the most general case, the termsAa i , Bi j , andCa i j

depend on the spins of electronsi and j . Their functional
form is obviously independent of the spin values but differ-
ent sets of coefficients could be involved depending on the
spins of the electrons. However, as already mentioned, the
Jastrow part should be symmetric in the interelectron coor-
dinates to yield a wave function with a definite spin while
imposing the electron–electron cusp conditions results in a
differentb coefficient for like and unlike spin electrons. We
choose to satisfy both interelectron cusp conditions but we
limit the asymmetry of the Jastrow factor to theb term with
the hope that, the less asymmetric the Jastrow factor is, the
less the admixture of other spin components. Consequently,
we choose theC term to have the same set of coefficients for
any pair of electrons. In Appendix A 2, we discuss an even
better choice for the coefficientsb8 @Eq. ~8!# for antiparallel
and parallel spin electrons in order to further reduce spin
contamination. We summarize the constraints in our wave
function:

a↑5a↓, a8↑5a8↓, b↑↓51/2, b↑↑5b↓↓51/4,

b8↑↓5b8↑↑5b8↓↓, c↑↓5c↑↑5c↓↓, f ↑↓5 f ↑↑5 f ↓↓.

Observe that we introduce the nonanalytic terms,$ f %, not
only for antiparallel but also for parallel spin electrons.
These terms are motivated by the Fock expansion for two
electrons in a1S state so that they are physically motivated
only for antiparallel spin electrons. However, we include
them also for like spin electrons in an attempt to reduce the
degree of asymmetry in the Jastrow factor. Moreover, omit-
ting the nonanalytic terms for parallel spin electrons could
result in the$c% coefficients being unequal for like and un-
like spin electrons since imposing the cusp conditions in the
absence of theF2,0-like terms for the parallel spin electrons
yields relations among the coefficients different from the an-
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tiparallel spin case. Note, that thea coefficient has always to
be equal for up and down spin electrons because it enters in
equations@Eq. ~11!# and is therefore related to the parameters
of the determinantal part that are spin independent. In Ap-
pendix A 3, we discuss the form of two spin unrestricted
wave functions that can be obtained when some of the above
constraints in the Jastrow and in the determinantal part are
relaxed.

A fifth order polynomial inU, S, andT has 55 coeffi-
cients but, if we impose symmetry with respect to the inter-
change of electronic coordinates, no odd powers ofT are
allowed and the number of coefficients is 33. If the five
electron–electron and five electron–nucleus cusp conditions
are imposed, the number of free parameters reduces to 23.
There are in addition sixF2,0-like and sixF3,1-like terms.
Imposing the cusp conditions on the latter reduces the num-
ber of coefficients multiplying theF2,0-like and F3,1-like
terms to ten. The wave functions presented in this paper
include only three of these ten parameters because the inclu-
sion of the additional terms was found to result in only a tiny
improvement. The twob coefficients are fixed by the
electron–electron cusp conditions. Including the coefficients
a, a8, b8, andk, we have a total of 30 free parameters in the
Jastrow part of the wave function.

In order to obtain the starting parameters in the optimi-
zation of the determinantal part, we perform a restricted HF
calculation with the quantum chemistry packageGAMESSand
we fit the resulting HF orbitals to a Slater basis set. Next, all
the parameters in the determinantal and in the Jastrow part
are optimized. The resulting wave function is then used as a
starting point to add additional configuration state functions
corresponding to single and double excitations from the HF
configuration. The active space is the space of the orbitals
whose atomic principle quantum number does not exceed
those occurring in the HF configuration. To select these ad-
ditional configurations, we obtain a MCSCF wave function
using GAMESS and we add the configurations with a large
weight in theGAMESSoutput to our best single configuration
wave function. The optimal parameters in the new determi-
nantal and Jastrow part are found by further optimizations of
all the parameters.

III. METHOD

A. Variance minimization method

The wave function presented in the previous section has
a large number of parameters, of the order of 60. To optimize
such a complicated wave function, the variance minimization
method has been shown to be a stable method2,24 as opposed
to total energy minimization which is feasible only for wave
functions with very few parameters. The method consists of
the minimization of the variance of the local energy over a
set ofNc configurations$Ri% sampled from the square of the
best wave function available before we start the optimiza-
tion, C0:

sopt
2 @C#5(

i

Nc FHC~Ri !

C~Ri !
2EguessG2w~Ri ! Y(

i

Nc

w~Ri !.

~12!

Eguessis a guess for the energy of the state we are interested
in or, alternatively, the average energy over the sample of
configurations. The weightsw(Ri)5uC(Ri)/C0(Ri)u

2 are
introduced to allow the nodes of the wave function to freely
move during the optimization and to provide the correct
weighting. We do not allow the ratio of the weights to the
average weight to exceed a maximum value; otherwise, it is
possible for the optimizer to achieve a small value ofsopt by
having a few configurations gain a very large weight and a
local energy that is very close toEguess. 3000 configurations
are usually sufficient even for a 54 dimensional space and a
total of about 60 parameters as for F2.

We choose to minimize the variance instead of the en-
ergy because the former is more stable. The minimum of the
variance is known and equal to zero while, if the energy is
minimized over a finite and necessarily small set of configu-
rations, it is possible to obtain an average energy over the
configurations that is arbitrarily lower than the true value.
Moreover, if the exact wave function could be written as a
function of n parameters, the minimization of the variance
over a set ofn configurations would be equivalent to a fit and
would give the exact answer while energy minimization
would encounter the above problems. However, there is a
drawback to minimizing the variance: the set of parameters
that minimizes the variance does not precisely correspond to
the parameters for the minimum energy except in the ideal
case of the trial wave function being the true wave function.
However, setting the guessed energy lower than the varia-
tional energy in the above scheme is approximately equiva-
lent to a simultaneous minimization of the variance and of
the energy.25

B. Variational/Metropolis Monte Carlo

Monte Carlo configurations are sampled fromC2 and the
expectation value of the energy is obtained from

EVMC5
1

N (
i

N
HC~Ri !

C~Ri !
. ~13!

We use a very efficient accelerated Metropolis method26 that
allows us to simultaneously make large Monte Carlo moves
and have a high acceptance. Consequently, the autocorrela-
tion time for the expectation values calculated is small as
shown in the next section.

C. Diffusion Monte Carlo

The imaginary-time evolution operator exp~2Ht! is
used to project out the ground state from the trial wave func-
tion within the fixed-node and the short-time
approximations.27 Since we use an efficient algorithm with a
very small time-step error,3 the time-step error coming from
the short-time approximation is negligible but the fixed-node
error limits the accuracy of the results we obtain.
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IV. RESULTS AND CONCLUSIONS

We have calculated both single and multiconfiguration
wave functions for the first-row homonuclear diatomic mol-
ecules, Li2, Be2, B2, C2, N2, O2, and F2. The configurations
and parameters of the multiconfiguration wave functions are
listed in Appendix B. All trial wave functions are optimized
at the experimental bond length. The experimental bond
lengths are those quoted in Ref. 28 with the exception that
the bond length of Be2 is taken from Ref. 29. In order to
calculate the correlation energy recovered by our wave func-
tions in VMC and DMC, we need the HF energies and the
exact nonrelativistic, infinite nuclear mass energies. We used
the HF energies calculated by Cade and Wahl at the experi-
mental bond length.28 For Be2, we were not able to find a HF
calculation at the experimental bond length, so we give the
result of a linear interpolation between the HF energy at 4.75
a0

30 and at 4.00a0.
28 We estimated the exact energies as the

sum of the accurate nonrelativistic, infinite nuclear mass
atomic energies by Davidsonet al.31 and the experimental
dissociation energies corrected for the zero point motion as
given in Ref. 32. For B2, we use a theoretical estimate of the
dissociation energy33 because the experimental value has
only been determinated with an uncertainty of 14 kcal/mol.32

For Be2, the dissociation energy is from Ref. 30 and for Li2
from Ref. 34.

We use three measures of goodness to judge the quality
of a wave function: the standard deviation of the local energy
in VMC, sVMC , the VMC energy,EVMC , and the DMC en-
ergy, EDMC . In general, we find a strong, but not perfect,
correlation between these three measures. For atomic sys-
tems with a strong multiconfigurational nature, it is known
that the inclusion of configuration state functions beyond the
one corresponding to the HF configuration yields a signifi-
cant improvement in all three quantities. In the case of a Be
atom, there is a single additional configuration beyond the
HF configuration which makes a large contribution, resulting
in a reduction insVMC by more than a factor of 2. Conse-
quently, the single configuration wave function gives medio-
cre energies, 76% and 90% of the correlation energy in VMC
and DMC, respectively, but the two-configuration wave
function recovers 99.2% and 99.9% of the correlation energy
in VMC and DMC,3 respectively.

In Table I, we show the effect of including configuration
state functions beyond the HF configuration for Li2. Here,
there is not a single important additional configuration but

several configurations make smaller but significant contribu-
tions. Hence, the percentage of correlation energy gained us-
ing a single configuration is higher than in the case of Be. As
more configurations are added, there is an improvement in
all three quantities of interest,sVMC , EVMC , andEDMC ~ex-
cept that the one- and two-configurationEDMC and the three-
and four-configurationsVMC are the same within the statisti-
cal error! but the best result achieved for Li2 is not as good as
for the two-configuration Be wave function.

In Table II, we list the total energies obtained in VMC
and DMC and sVMC obtained with our best single-
determinant and multideterminant wave functions. In Fig. 1,
we plot the percentage of correlation energy recovered. The
use of an efficient accelerated Metropolis algorithm26 and a
small time step error DMC algorithm3 allowed us to obtain
small statistical errors within acceptable computer time. The
percentage of correlation energy recovered is 67.8%–82.3%
for single-configuration and 79.1%–94.4% for multiconfigu-
ration wave functions in VMC. The corresponding numbers
are 88.1%–96.5% and 92.5%–98.7% in DMC. For the
single-configuration wave functions, the smallest percentage
of correlation energy recovered is not for the heaviest mol-
ecules but rather for the molecules in the middle of the row
due to the strong multiconfigurational nature of their true
ground state. For the multiconfiguration wave functions, the
smallest percentage moves more to the right of the row
where, possibly, excitations to the next shell become impor-
tant. Since the wave functions are obtained by nonlinear op-
timization, it is possible to get stuck in a local minimum.
From the shape of the curves it seems likely that we have
failed to find the optimal wave function parameters for O2.
There is considerable resemblance in the shapes of the VMC
and DMC curves and the multiconfiguration energies are
consistently better than their single-configuration counter-
parts. Therefore, it is clear that when more configurations are
added to the HF one, not only dosVMC andEVMC improve
but also the shape of the nodal surface, which limits the
accuracy of the fixed-node DMC energies, improves.

In going from Li2 to F2, the root mean square fluctuation
of the local energy,sVMC , increases by more than a factor of
10 for both the single and the multiconfiguration wave func-
tions. The dependence ofsVMC on Z appears to be consider-
ably faster than linear for smallZ but slower than linear for
largeZ. This factor should be taken into account in figuring
the scaling of the computational cost of QMC methods with

TABLE I. Total energies of Li2 in VMC ~EVMC! and DMC ~EDMC! with increasing number of configuration
state functions~CSF!. We list the configurations omitting the core doubly occupied molecular orbital 1sg .
Ec
VMC andEc

DMC are the percentages of correlation energy in VMC and DMC.sVMC is the root mean square
fluctuation of the local energy in VMC. The numbers in parentheses are the statistical errors in the last digit.
Energies are in Hartree atomic units.

Additional CSF EVMC EDMC Ec
VMC ~%! Ec

DMC ~%! sVMC

2sg
2 214.973 43~7! 214.991 1~1! 82.26~5! 96.5~1! 0.112

2su
2 214.977 45~6! 214.990 9~1! 85.51~4! 96.4~1! 0.098

1pux
2 11puy

2 214.984 04~5! 214.992 3~1! 90.83~4! 97.5~1! 0.086
3sg

2 214.988 50~4! 214.993 8~1! 94.43~4! 98.7~1! 0.086
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atomic number. In order to estimate this scaling, it is neces-
sary to have a systematic study of several molecules, such as
in this paper. For this purpose, it would in fact be useful to
also have results on some second-row homonuclear diatomic
molecules.

In Fig. 2, we show the autocorrelation time of the local
energy in VMC,Tcorr, calculated as explained in Ref. 26.
The quantities shown in Fig. 1 depend on the wave function
alone whereasTcorr has also a strong dependence on the par-
ticular form of Metropolis algorithm used. We used the
single-electron accelerated Metropolis algorithm described in
Ref. 26 withDr55 andDu5p/2. The plot shows the number
of Monte Carlo moves of each electron required to decorre-
late the local energy. The most important point to be noticed
is thatTcorr is nearly independent of atomic number and that
its value is remarkably small confirming the efficiency of the
algorithm used. On the other hand, if a simple Metropolis
algorithm is used,Tcorr increases rapidly with atomic number
since, in this case, the typical size of a Monte Carlo move
scales as 1/Z whereZ is the atomic number. Since atomic
sizes are roughly independent ofZ, the number of Monte
Carlo moves required to move a distance of the size of an
atom is proportional toZ2. Therefore, for the simple algo-
rithm, an extra factor, possibly as large asZ2, should be
included in estimating the scaling of the computational cost
with atomic number.

For all the molecules, the value ofTcorr is smaller for the
multiconfiguration wave functions than the single-
configuration ones. A likely reason for this is that adding
more configurations not only reduces the magnitude of the
fluctuations of the local energy,sVMC , but increases also the
frequency of the oscillations. Since the electrons have to
travel a shorter distance to go from a given region to a region
where the error of the local energy has the opposite sign, the
value ofTcorr is reduced. It is somewhat larger in the middle
of the row than at the ends indicating that the regions in
configuration space that have a given sign of the error of

local energy are larger there. Occasionally, we have found
exceptions to the decrease ofTcorr as more configuration
state functions are added to the HF one. For Be2, we tested
one, two, three, four, and five configuration wave functions
and found that the smallestTcorr occurred for the two con-
figuration wave function. The autocorrelation times in DMC
~not shown in the plots! is larger than in VMC and we found
in all cases studied, including Be2, that adding more configu-
ration state functions results in a reduction of the autocorre-
lation time.

In Table III, we compare with the results obtained by
other authors in VMC. A difficulty in the comparison is that
somewhat different values are used in the literature forEHF
andE0. For consistency, we always use the values ofEHF
andE0 given in Table I in order to obtain the percentages of
correlation energy recovered. Subramaniamet al.9 use a
simple Jastrow factor and a determinantal part with the or-
bitals frozen to be the HF orbitals. Similarly, no optimization
of the determinantal component of the wave function is done
by Schmidtet al.10 but a more sophisticated form of the Ja-
strow factor is used leading to a larger gain in correlation
energy. The results of Sunet al.13 differ from the previous
two because the parameters entering in the determinantal part
are optimized. In addition, they include three-configuration
state functions~four determinants! in their wave function, so
they do better than Schmidtet al. in spite of using a simple
Jastrow factor. For completeness, we also compare with the
results obtained by conventional quantum chemistry meth-
ods. Petersonet al.32 give a benchmark study of the basis set
dependence of different single and double excitation CI
methods. In the last column of Table III, we list their esti-
mate of the complete basis set result for a multireference
single and double excitation CI from a complete active space
self-consistent-field~CASSCF1112! calculation. To ex-
trapolate the complete basis set values, they employ several
basis sets of increasing size, the largest being a quadruple
zeta consisting ofspdfgfunctions augmented with additional

TABLE II. Total energies in VMC~EVMC! and DMC ~EDMC! for our best single and multiconfiguration state function wave functions.Ec
VMC andEc

DMC are
the percentages of correlation energy recovered in VMC and DMC.sVMC is the root mean square fluctuation of the local energy in VMC andTcorr is the
autocorrelation time of the local energy in VMC. The numbers in parentheses are the statistical errors in the last digit. In the second column, we list the
number of configuration state functions~CSF! and the number of different determinants (D) in the wave function.R0 is the experimental bond length,EHF

the HF energy andE0 the exact, nonrelativistic, infinite nuclear mass energy. Bond lengths are in Bohrs and energies are in Hartree atomic units.

Molecule CSF,D R0 EHF E0 EVMC EDMC Ec
VMC ~%! Ec

DMC ~%! sVMC Tcorr

Li 2 1,1 5.051 214.871 52 214.995 4 214.973 43~7! 214.991 1~1! 82.26~5! 96.5~1! 0.112 1.39
4,5 214.988 50~4! 214.993 8~1! 94.43~4! 98.7~1! 0.086 1.06

Be2 1,1 4.63 229.132 42 229.338 54~5! 229.278 2~1! 229.317 6~4! 70.70~7! 89.8~2! 0.242 1.45
5,16 229.312 9~1! 229.330 1~2! 87.56~6! 95.9~1! 0.215 1.35

B2 1,1 3.005 249.090 88 249.415~2! 249.311 5~3! 249.377 8~8! 68.06~8! 88.5~2! 0.432 1.60
6,11 249.360 2~2! 249.397 9~6! 83.10~7! 94.7~2! 0.408 1.15

C2 1,1 2.348 1 275.406 20 275.923~5! 275.756 7~5! 275.861 3~8! 67.82~9! 88.1~2! 0.707 1.71
4,16 275.828 2~4! 275.890 1~7! 81.66~7! 93.6~1! 0.641 1.27

N2 1,1 2.068 2108.992 8 2109.542 3 2109.375 6~6! 2109.487~1! 69.7~1! 89.9~2! 0.935 1.46
4,17 2109.437 6~5! 2109.505~1! 80.94~8! 93.1~2! 0.863 1.10

O2 1,1 2.282 2149.665 9 2150.326 8 2150.150 7~6! 2150.268~1! 73.4~1! 91.0~2! 1.09 1.40
4,7 2150.188 5~5! 2150.277~1! 79.08~8! 92.5~2! 1.05 1.10

F2 1,1 2.68 2198.770 1 2199.529 9 2199.364 7~7! 2199.478~2! 78.26~9! 93.2~2! 1.23 1.22
2,2 2199.410 1~6! 2199.487~1! 84.23~8! 94.3~1! 1.19 0.97
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diffuse functions for each angular momentum.
There are only a few DMC or Green function Monte

Carlo ~GFMC! results for homonuclear diatomics available
and we will mention only the best results from each research
group. Subramaniamet al.9 calculate the GFMC energies for
Li 2, B2, C2, and N2 but the statistical errors they report are
so large~ranging from 5% for Li2 to 14% for N2! that it is
not possible to make a meaningful comparison with our

DMC results. For N2, Reynoldset al.
11 obtain 89.3% of the

correlation energy in DMC for a single configuration wave
function. For Li2, Sunet al.

13 present DMC energies for both
single configuration and three-configuration wave functions.
For their optimized multiconfiguration wave function, they
obtain 96.8~6!% of the DMC correlation energy. However,
they find that the same functional form with unoptimized
parameters taken from a MCSCF calculation yields 99.3~3!%
of the DMC correlation energy and they attribute the reduced
correlation energy in the optimized wave function to the in-
troduction of spurious nodes upon optimization. Since they
do not give the parameters of the unoptimized wave func-
tion, it was not possible for us to independently confirm their
result. If their finding holds for other molecules as well, it
would make DMC calculations much more useful: one
would freeze the determinantal part obtained from a MCSCF
calculation and just optimize the Jastrow factor in order to
reduce the variance. However, it appears that similarly good
results are not found for other molecules since such results
for other molecules have not appeared in the literature.

In summary, all the VMC and DMC energies reported in
this paper~with the possible exception of a DMC result for
Li 2! are better than those in the literature. However, due to
the nature of nonlinear optimization, it is quite possible that
further optimization could result in somewhat better wave
functions. There is a near redundancy in the wave functions.
Consequently, we can often find several wave functions with
very different parameters that are nearly equivalent by all
three measures of goodness,sVMC , EVMC , andEDMC . Big-
ger improvement could be obtained by including a larger
number of configuration state functions, higher body-order
correlations in the Jastrow factor or inventing more innova-
tive forms of the wave function.

The wave functions presented in Appendix B are cer-
tainly good in the regions of configuration space where they
are appreciable but may be poor in the tail regions. If the
ionization energy of the molecule is known, it is possible to

FIG. 1. Percentage of correlation energy in~a! VMC and,~b! DMC, and~c!
root mean square fluctuationsVMC with one-configuration~solid circle! and
multiconfiguration~open circle! wave functions.

FIG. 2. Autocorrelation time of the local energy in VMC,Tcorr , using the
accelerated Metropolis algorithm of Ref. 26, for one-configuration~solid
circle! and multiconfiguration~open circle! wave functions.
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incorporate this information into the wave function to im-
prove its asymptotic form. We have done this in some earlier
work but, in this paper, we decided to study what is obtained
without providing any external experimental or theoretical
input aside from the bond length.
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APPENDIX A: SPIN CONTAMINATION

1. Source of spin contamination: An example

In Sec. II, we mentioned that the use of a nonsymmetri-
cal Jastrow factor for unlike and like spin electrons yields a
wave function that is not an eigenstate of S2 but an admixture
of different spin components. Here, we take the Li atom as
an example to show how spin contamination enters in the
wave function.

A QMC wave function for Li with two electrons in a 1s
orbital and one spin up electron in a 2s orbital is given by

cQMC~r1 ,r2 ,r3!5@1s~r 1!2s~r 2!21s~r 2!2s~r 1!#

31s~r 3!g~r1 ,r2 ,r3!, ~A1!

where electron 1 and 2 are up spin electrons, electron 3 is a
down spin electron andg(r1,r2,r3! is the Jastrow factor. In
order to satisfy the cusp conditions both for antiparallel and
parallel spin electrons,g(r1,r2,r3! cannot be symmetric un-
der the interchange of an up and a down spin electron coor-
dinate~2↔3 and 1↔3! and a possible choice is

g~r1 ,r2 ,r3!5Jp~r 12!Ja~r 13!Ja~r 23!, ~A2!

whereJp(r i j ) andJa(r i j ) are simple Jastrow factors@Eq. ~3!#
for parallel and antiparallel spin electrons, respectively.

The full space-spin wave function corresponding to
cQMC is

c5A@cQMC~r1 ,r2 ,r3!x↑~s1!x↑~s2!x↓~s3!#. ~A3!

whereA is the antisymmetrizer andx↑ and x↓ are single
electron spin wave functions.c can be expanded and rewrit-
ten as~using an abbreviated notation for the space and spin
coordinates!

c511s~1!2s~2!1s~3!x↑~2!@x↑~1!x↓~3!g~1,2,3!

2x↑~3!x↓~1!g~3,2,1!#11s~2!2s~3!1s~1!x↑~3!

3@x↑~2!x↓~1!g~2,3,1!2x↑~1!x↓~2!g~1,3,2!#

11s~3!2s~1!1s~2!x↑~1!@x↑~3!x↓~2!g~3,1,2!

2x↑~2!x↓~3!g~2,1,3!#. ~A4!

It is clear that, ifg~1,2,3! is not completely symmetric in the
interchange of the particle coordinates,g cannot be factor-
ized from all the terms in the above expression and the wave
function c is no longer a doublet. Therefore, if the parallel
and antiparallel spin electrons cusp conditions are satisfied,c
is not an eigenstate ofS2 because the determinantal part in
cQMC is multiplied by a nonsymmetrical factor. The spin
contamination for a given wave function can be calculated.35

For the form of the wave functions used in the present paper,
the spin contamination for Li is only of the order of 1025.
Yet smaller values of the spin contamination can be obtained
by a simple modification of the wave function as explained
in the next section.

2. A wave function with small spin contamination

As explained in Sec. II, we use a restricted form of the
Jastrow factor where only theb coefficients are different for
antiparallel and parallel spin electrons. This choice was made
in order to ensure a small degree of asymmetry and, conse-
quently, a small admixture of higher spin components. More
recently, we came to the realization that a better choice
would have been to impose that the logarithmic derivatives
of the B term in the Jastrow factor@Eq. ~8!# are equal for
parallel and antiparallel spin electrons at large interelectron
distances. This yields different values ofb8 @Eq. ~8!# for
antiparallel and parallel spin electrons,ba8 and bp8 respec-
tively, that are related through the scale factork as

bp85kF 1
&

S 11
ba8

k D 21G . ~A5!

TABLE III. Comparison of the percentage correlation energy obtained in VMC by various authors. The
numbers in parentheses are the statistical errors in the last digit. In the last column, we list the complete basis
set extrapolations of CASSCF1112 calculations.

Present work
Subramaniamet al.

~Ref. 9!
Schmidtet al.

~Ref. 10!
Sunet al.
~Ref. 13!

Petersonet al.
~Ref. 32!

Li2 94.43~4! 40~2! 70 76.6~6! •••
B2 83.10~7! 20~5! ••• ••• 66.8
C2 81.66~7! 15~3! ••• ••• 76.6
N2 80.94~8! 14~9! 55 ••• 74.8
O2 79.08~8! ••• ••• ••• 75.3
F2 84.23~8! ••• ••• ••• 76.2
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TABLE IV. Parameters of the single-particle orbitals in the determinantal part as described in the text. ‘‘3’’ means that the coefficient was not varied and
‘‘ •••’’ that the coefficient is zero by symmetry. The orbitals are not orthonormal.

1s 1s 2s 2s 2px 2px 2px 2pz 2pz 2pz 3s

Li2
z 3.279 959 89 2.288 312 06 2.738 805 40 0.685 778 32 0.962 586 00 0.764 443 973 0.937 040 20 0.810 015 56 3 3

1sg 0.496 680 36 1 0.686 206 2920.010 848 61 ••• ••• 3 0.003 818 59 0.002 734 88 3 3

1su 0.488 796 39 1 0.677 360 88 0.008 840 97 ••• ••• 3 0.018 267 01 20.000 000 15 3 3

2sg 20.526 544 17 0 20.607 238 26 1 ••• ••• 3 0.244 617 58 20.340 754 01 3 3

2su 0.010 701 61 0 20.008 494 43 1 ••• ••• 3 20.208 083 81 0.267 929 25 3 3

3sg 0.035 053 75 0 0.001 525 70 1 ••• ••• 3 0.384 833 71 20.646 646 14 3 3

1pux ••• ••• ••• ••• 20.419 395 65 1 3 ••• ••• 3 3

Be2
z 4.621 899 68 2.772 647 28 1.502 252 14 1.068 230 41 2.268 895 25 0.859 750 543 3.796 411 94 0.754 935 44 3 3

1sg 0.121 998 50 1 20.029 008 78 0 ••• ••• 3 20.020 063 27 20.002 422 83 3 3

1su 0.120 485 78 1 20.067 604 40 0.064 220 96 ••• ••• 3 20.016 613 06 0.009 269 10 3 3

2sg 0.012 377 74 0 20.378 420 47 1 ••• ••• 3 0.000 455 83 0.181 684 91 3 3

2su 0.009 870 50 0 20.330 329 06 1 ••• ••• 3 20.001 303 60 20.240 975 03 3 3

3sg 0.001 157 96 0 20.125 621 06 0 ••• ••• 3 20.001 944 53 1 3 3

1pux ••• ••• ••• ••• 20.028 815 78 1 3 ••• ••• 3 3

1pgx ••• ••• ••• ••• 20.036 034 77 1 3 ••• ••• 3 3

B2

z 5.258 588 82 3.898 585 48 1.422 122 01 0.710 478 97 2.397 240 31 1.018 373 093 5.145 633 30 1.494 723 96 3 3

1sg 0.528 048 33 1 0 0.004 358 52 ••• ••• 3 20.039 767 80 0.001 530 91 3 3

1su 0.530 780 79 1 0.025 006 4820.001 888 13 ••• ••• 3 20.037 573 49 20.000 002 43 3 3

2sg 0.195 436 28 0 1 0.033 050 34 ••• ••• 3 0.000 000 88 0.187 854 75 3 3

2su 0.131 719 80 0 1 0.703 660 78 ••• ••• 3 20.009 126 32 20.380 119 72 3 3

3sg 0.042 935 44 0 0 20.046 218 85 ••• ••• 3 0.010 131 71 1 3 3

1pux ••• ••• ••• ••• 0.214 387 15 1 3 ••• ••• 3 3

1pgx ••• ••• ••• ••• 0.090 221 42 1 3 ••• ••• 3 3

C2

z 5.425 738 79 5.172 118 76 2.067 258 62 1.142 229 37 2.905 107 68 1.285 994 593 6.259 723 37 1.994 114 33 3 3

1sg 1 0 0.368 986 60 0.174 584 58 ••• ••• ••• 20.021 092 62 0.182 973 38 3 3

1su 0.761 566 41 1 0.026 492 75 0.011 141 66 ••• ••• ••• 20.044 444 75 20.000 000 05 3 3

2sg 0 1 20.260 575 13 20.131 046 73 ••• ••• ••• 20.027 209 89 20.134 693 11 3 3

2su 1 0 0.473 574 51 0.827 745 40 ••• ••• ••• 20.028 736 24 20.302 921 32 3 3

3sg 0 0 20.129 056 85 20.095 839 20 ••• ••• ••• 0.013 522 43 1 3 3

1pux ••• ••• ••• ••• 0.293 541 04 1 3 ••• ••• 3 3

1pgx ••• ••• ••• ••• 0.105 038 47 1 3 ••• ••• 3 3

N2

z 7.161 651 00 5.240 017 65 2.084 486 47 1.222 733 17 4.599 208 78 1.903 541 96 1.064 415 79 6.899 826 78 2.573 077 01 1.309 750 163

1sg 0.979 730 29 1 0 0.015 558 65 ••• ••• ••• 20.067 687 21 0 0.002 133 59 3

1su 0.981 781 83 1 0 20.042 651 60 ••• ••• ••• 20.069 275 59 0.008 798 3020.040 608 51 3

2sg 0.301 699 94 0 1 0.340 832 22 ••• ••• ••• 20.012 656 13 0 20.344 787 96 3

2su 0.283 550 97 0 1 0.310 676 72 ••• ••• ••• 20.017 820 05 20.156 499 32 20.581 801 47 3

3sg 0.082 564 49 0 0 20.548 055 25 ••• ••• ••• 0.021 799 05 0.768 741 68 1 3

3su 20.105 019 86 0 0 1 ••• ••• ••• 0.017 738 74 20.008 809 04 0.842 354 16 3

1pux ••• ••• ••• ••• 0.108 186 58 1 0.465 990 05 ••• ••• ••• 3

1pgx ••• ••• ••• ••• 0.080 949 31 1 0.997 726 26 ••• ••• ••• 3

O2

z 8.378 930 35 5.835 853 77 2.032 278 45 1.117 201 07 5.474 902 40 2.013 211 22 1.227 504 43 6.340 787 60 3.888 267 89 1.866 014 123

1sg 0.840 191 74 1 0 0.006 438 07 ••• ••• ••• 20.029 019 70 0.011 750 2520.002 745 64 3

1su 0.840 045 81 1 0 0.018 927 31 ••• ••• ••• 20.029 034 30 0.016 688 5420.010 000 14 3

2sg 0.152 114 08 0 1 0.026 278 79 ••• ••• ••• 20.006 420 20 0.009 825 7020.141 721 09 3

2su 0.118 959 16 0 1 0.177 084 63 ••• ••• ••• 20.005 814 12 20.017 408 28 20.171 509 33 3

3sg 0.030 932 24 0 0 20.200 878 96 ••• ••• ••• 0.024 339 22 0.094 692 19 1 3

3su 20.043 659 13 0 0 20.105 485 94 ••• ••• ••• 0.034 553 39 20.010 210 80 1 3

1pux ••• ••• ••• ••• 0.072 597 13 1 0.411 070 15 ••• ••• ••• 3

1pgx ••• ••• ••• ••• 0.067 292 26 1 0.506 047 53 ••• ••• ••• 3

F2
z 9.405 631 59 4.609 155 07 6.866 467 67 2.289 154 12 6.342 922 63 1.824 098 85 1.038 695 93 6.405 630 26 1.858 361 133 1.636 311 16

1sg 1 20.239 129 88 0.406 533 28 0 ••• ••• ••• 20.005 110 00 0.008 248 67 3 0.000 036 17

1su 1 20.150 139 42 0.355 711 37 0 ••• ••• ••• 20.006 112 89 0.002 609 79 3 0.003 653 79

2sg 0 20.558 146 09 0.252 644 81 1 ••• ••• ••• 20.000 000 63 20.054 546 80 3 0.021 166 84
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If instead we require thatB is equal for parallel and antipar-
allel spin electrons at large interparticle distances, we obtain
the above relation with the& replaced by a 2.

From some preliminary tests, the optimization ofba8 and
bp8 yields values related by the above expression with the&
substituted by an optimal value of about 1.5. Therefore, the
optimal value seems to differ slightly from& in the direc-
tion of 2. The corresponding wave functions have a consis-
tently bettersVMC with respect to the minimally unrestricted
wave functions presented in this paper.

3. General spin unrestricted wave functions

An alternative approach to the one adopted in this paper
and the one presented in the previous subsection could be to
relax the constraints on the Jastrow factor.

The first wave function we present represents the most
general wave function we can construct. It corresponds to the
wave function of a spin-polarized system and has the largest
number of variational parameters. An up-spin electron can
correlate to the nucleus differently than a down-spin electron
and the terms for two up-spin and two down-spin electrons
are described by two different sets of coefficients. Further-
more, the coefficients of the terms with odd powers ofT in
the antiparallel spin Jastrow factor need no longer vanish. As
far as the determinantal wave function is concerned, we no
longer have to construct it to be an eigenstate ofS2. As a
consequence, up and down orbitals,fi

↑ andfi
↓ can now be

different. The second wave function corresponds to a wave
function for a spin-unpolarized system. An up-spin and a
down-spin electron are correlated to the nucleus in the same
way. Therefore, although the coefficients are different for
parallel and antiparallel spin electrons, they are equal for two
up-spin electrons and two down-spin electrons. The determi-
nantal part has still to be an eigenstate ofS2 with equal up
and down orbitals. This ensures that the up and down spin
densities are equal. In both wave functions, theb coefficient
is different for like and unlike spin electrons as imposed by
the electron–electron cusp condition. We summarize the two
cases by listing the relations among the different kinds of
coefficients:

1. b↑↓51/2, b↑↑5b↓↓51/4,

2. a↑5a↓, a8↑5a8↓, b↑↓51/2, b↑↑5b↓↓51/4,

b8↑↑5b8↓↓, c↑↑5c↓↓, f i
↑5f i

↓ .

For the lightest molecules, after generating an optimal re-
stricted wave function, we tried relaxing some constraints

allowing the antiparallel spin electron coefficients to differ
from the parallel ones. We still kept the nonanalytic terms
for the parallel spin electrons equal to the antiparallel ones.
Despite the much higher variational freedom now available,
in our limited experimentation, we were unable to obtain
wave functions of significantly better quality than the mini-
mally unrestricted ones described in the rest of the paper.

APPENDIX B: MOLECULAR WAVE FUNCTIONS

We list the parameters entering in the molecular wave
functions of Li2, Be2, B2, C2, N2, O2, and F2. The symmetry
of the ground state is3Sg

2 for B2 and O2 and
1Sg

1 for the
other molecules.

In Table IV, we report the parameters of the single or-
bitals in the determinantal part. We only list the exponents
and coefficients on one center. The exponents are equal on
the other center and the coefficients are obtained from sym-
metry considerations. For asg orbital, a coefficient of ans
basis function is simply replicated on the other center while
the coefficient of apz function changes sign. The opposite
rule applies to asu orbital. Forpu orbitals, the signs of the
coefficients are the same on the two centers while they are
opposite forpg orbitals. We also list only the coefficients
and exponents of thepx basis functions in thepx orbitals. To
construct apy orbital, we take the coefficients and exponents
of thepy functions to be equal to those of thepx functions of
the correspondingpx orbital. Different numbers of basis
functions were used for the different molecules and the ‘‘3’’
symbol as an entry in the table means that the coefficient was
not varied. The ‘‘•••’’ symbol means that the coefficient is
strictly zero by symmetry. The orbitals are not constructed to
be orthonormal. Each orbital can be multiplied by a constant
to make the largest coefficient equal to one if the coefficients
of the determinants are properly redefined. This accounts for
one coefficient in each orbital being equal to ‘‘1’’. Orbitals
belonging to the same irreducible representation of the point
group of the molecule can pivot each other without modify-
ing their symmetry character. Some coefficients have been
set to ‘‘0’’ through pivoting. As a consequence of the pivot-
ing, the orbitals cannot be directly compared to Hartree–
Fock or MCSCF orbitals. There is only onep orbital of a
given symmetry and, consequently, these do not get pivoted.
Hence, it may appear surprising that the 1pu orbitals of Li2
have a node. However, it should be noted that the presence
of this node does not imply that the wave function has addi-
tional nodes. We tested our wave functions for additional
nodes as follows. We selected random Monte Carlo configu-

TABLE IV. ~Continued.!

1s 1s 2s 2s 2px 2px 2px 2pz 2pz 2pz 3s

2su 0 20.571 202 35 0.267 183 04 1 ••• ••• ••• 20.003 310 32 20.083 072 65 3 0.134 416 97

3sg 0 20.100 993 09 0.047 842 63 0 ••• ••• ••• 0.057 951 16 1 3 20.046 630 35

3su 0 0.233 375 98 20.119 166 28 0 ••• ••• ••• 0.046 604 48 1 3 0.302 133 44

1pux ••• ••• ••• ••• 0.059 650 82 1 0.062 783 23 ••• ••• 3 •••

1pgx ••• ••• ••• ••• 0.059 071 12 1 0.178 090 41 ••• ••• 3 •••
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rations, we fixed the positions of five of the six electrons and
plotted contours of the nodal surface when the sixth electron
was moved in a plane.~In fact, the nodal surface depends
only on the position of the remaining two electrons of the
same spin.! This was done for a few positions of the five
electrons, a few planes and three different wave functions.
One wave function was a single-configuration wave function
whereas the other two were four-configuration wave func-
tions, the suspect one of Table IV and another with nodeless
1pu orbitals. We found no instances where the suspect wave
function had additional nodes compared to the other two
wave functions. Moreover, in all cases, the nodes of the two
four-configuration wave function were closer to each other
than to the nodes of the one-configuration wave function.

Hence, we have no reason to discard the wave function of
Table IV; it yields energies that are 0.0003~1! and 0.0002~1!
Hartree lower in VMC and DMC than the four-configuration
wave function with nodeless 1pu orbitals.

In Table V, we list the configuration state functions in
the determinantal part of the wave functions and their coef-
ficients. We always omit the core double occupied molecular
orbitals (1sg

2,1su
2). The first configuration listed for each

molecule is the HF configuration and, for each additional
configuration, we indicate the excitations from the orbitals of
the HF configuration. In general, configuration state func-
tions consist of more than one determinant as shown in the
fourth column of the table. The coefficients of the determi-
nants in a given configuration are fixed by the requirement

TABLE V. Configuration state functions in the determinantal part of the wave function. We omit the core double occupied molecular orbitals (1sg
2,1su

2). The
configuration state functions are not orthonormal because the orbitals are not.

Molecule Configuration Coefficient Determinants

Li2 ~2sg
2! 1

2sg
2→2su

2 20.258 198 38
2sg

2→1pu
2 20.163 002 08 pux

2 1puy
2

2sg
2→3su

2 20.636 632 64

Be2 (2sg
2,2su

2) 1
2su

2→3sg
2 20.173 925 99

2su
2→1pu

2 20.058 205 12 pux
2 1puy

2

2sg2su→1pu1pg 20.050 885 38 sg
1su

2pux
2 pgx

1 2sg
1su

2pux
1 pgx

2 2sg
2su

1pux
2 pgx

1 1sg
2su

1pux
1 pgx

2

1sg
1su

2puy
2 pgy

1 2sg
1su

2puy
1 pgy

2 2sg
2su

1puy
2 pgy

1 1sg
2su

1puy
1 pgy

2

0.025 342 38 sg
1su

1pux
2 pgx

2 2sg
1su

2pux
1 pgx

2 2sg
2su

1pux
2 pgx

1 1sg
2su

2pux
1 pgx

1

1sg
1su

1puy
2 pgy

2 2sg
1su

2puy
1 pgy

2 2sg
2su

1puy
2 pgy

1 1sg
2su

2puy
1 pgy

1

B2 (2sg
2,2su

2,1pux,1puy) 1
2su

2→3sg
2 20.460 208 91

1pux1puy→1pgx1pgy 20.243 152 78
2sg→3sg 0.203 022 69 2sg

13sg
222sg

23sg
1

2supu→3sgpg 0.182 349 51 su
1pux

1 sg
1pgy

2 2su
1pux

1 sg
2pgy

1 2su
1puy

1 sg
1pgx

2 1su
1puy

1 sg
2pgx

1

0.068 683 04 su
2pux

1 sg
1pgy

1 2
1
2 (su

1pux
1 sg

1pgy
2 1su

1pux
1 sg

2pgy
1 )

2(su
2puy

1 sg
1pgx

1 2
1
2 (su

1puy
1 sg

1pgx
2 1su

1puy
1 sg

2pgx
1 ))

C2 (2sg
2,2su

2,1pux
2 j ,1puy

2 ) 1
2su

2→3sg
2 20.198 094 65

2su1pu→3sg1pg 20.107 496 97 su
1pux

2 pgx
1 sg

22su
1pux

2 pgx
2 sg

12su
2pux

1 pgx
1 sg

21su
2pux

1 pgx
2 sg

1

1su
1puy

2 pgy
1 sg

22su
1puy

2 pgy
2 sg

12su
2puy

1 pgy
1 sg

21su
2puy

1 pgy
2 sg

1

1pu
2→1pg

2 20.417 315 80 pux
2 pgy

2 1puy
2 pgx

2

2
1
2(pux

1 puy
2 pgx

1 pgy
2 2pux

1 puy
2 pgx

2 pgy
1 2pux

2 puy
1 pgx

1 pgy
2 1pux

2 puy
1 pgx

2 pgy
1 )

N2 (2sg
2,2su

2,3sg
2,1pux

2 ,1puy
2 ) 1

1pu
2→1pg

2 20.156 464 50 pux
2 pgy

2 1puy
2 pgx

2

2
1
2 (pux

1 puy
2 pgx

1 pgy
2 2pux

1 puy
2 pgx

2 pgy
1 2pux

2 puy
1 pgx

1 pgy
2 1pux

2 puy
1 pgx

2 pgy
1 )

20.035 651 88 pux
1 puy

2 pgx
1 pgy

2 1pux
1 puy

2 pgx
2 pgy

1 1pux
2 puy

1 pgx
1 pgy

2 1pux
2 puy

1 pgx
2 pgy

1

22(pux
1 puy

1 pgx
2 pgy

2 1pux
2 puy

2 pgx
1 pgy

1 )
3sg1pu→3su1pg 0.163 433 28 sg

1pux
2 su

1pgx
2 2sg

1pux
2 su

2pgx
1 2sg

2pux
1 su

1pgx
2 1sg

2pux
1 su

2pgx
1

1sg
1puy

2 su
1pgy

2 2sg
1puy

2 su
2pgy

1 2sg
2puy

1 su
1pgy

2 1sg
2puy

1 su
2pgy

1

O2 (2sg
2,2su

2,3sg
2,1pux

2 ,1puy
2 ,1pgx,1pgy) 1

1pux1puy→1pgx1pgy 20.186 814 63
3sg

2→3su
2 20.192 568 92

3sg1pu→3su1pg 0.141 542 93 sg
1su

2pux
1 pgy

1 2sg
2su

1pux
1 pgy

1 2sg
1su

2puy
1 pgx

1 1sg
2su

1puy
1 pgx

1

F2 (2sg
2,2su

2,3sg
2,1pux

2 ,1puy
2 ,1pgx

2 ,1pgy
2 ) 1

3sg
2→3su

2 20.408 395 32
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that the wave function belongs to a certain multiplet. The
configuration state functions are not constructed to be ortho-
normal. The normalization of the whole wave function is
also arbitrary, so we are free to set the largest coefficient to
‘‘1’’ if we properly rescale the other coefficients. Conse-
quently, the determinantal coefficients cannot be directly
compared to those from a configuration interaction or an
MCSCF calculation.

In Table VI, we list the coefficients in the Jastrow part of
the wave function. The coefficients of the odd powers inT
are zero and are not listed in the table. These coefficients are
used both for like and unlike spin electrons, with the excep-
tion that b is set to 1/4 for like spin electrons. Algebraic
relations exist among the coefficients due to the imposition
of the cusp conditions: the coefficients ofU, S, US, S2, US2,
S3, US3, S4, US4, andS5 are chosen as dependent param-
eters. As far as the nonanalytic terms, we decided on an

empirical basis to include onlyF2,1 and threeF2,0-like terms.
The coefficient ofF2,1 is fixed to one.
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