
ü Calculating directional derivatives in polar coordinates isn't standard. It is an interesting 
exercise in differential geometry, though. See 
http://www.shef.ac.uk/physics/teaching/phy314/relativity/previous_years/lectures/condensed/lec
_6_relativity_comps_summary.pdf

In[2]:= x@r_, q_D := r Cos@qD
y@r_, q_D := r Sin@qD
polar = 8r, q<;
xv = 8x@r, qD, y@r, qD<;
dxdp@i_, m_D := D@xv@@iDD, polar@@mDDD
g@m_, n_D := Sum@dxdp@i, mD dxdp@i, nD, 8i, 1, 2<D êê Simplify

In[8]:= Table@g@m, nD, 8m, 1, 2<, 8n, 1, 2<D êê MatrixForm

Out[8]//MatrixForm=
1 0

0 r2

In[10]:= gUpper@m_, n_D := 881, 0<, 80, 1êr^2<<@@mDD@@nDD
G@a_D@b_, g_D := Sum@HgUpper@a, sDê2L 

HD@g@s, bD, polar@@gDDD + D@g@s, gD, polar@@bDDD - D@g@b, gD, polar@@sDDDL, 8s, 1, 2<D
In[12]:= Table@G@aD@b, gD, 8a, 1, 2<, 8b, 1, 2<, 8g, 1, 2<D êê MatrixForm

Out[12]//MatrixForm=
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ü Total derivative Dn^m_n = partial_n n^m + G^m_{ns} n^s

In[13]:= TotalDerivative@n_D@m_D@n_D := D@n@@mDD, polar@@nDDD + Sum@G@mD@s, nD n@@sDD, 8s, 1, 2<D

ü Divergence div n = D_m n^m

In[23]:= Div@n_D := Sum@TotalDerivative@nD@mD@mD, 8m, 1, 2<D

In[24]:= nVec = 8nr@r, qD, nq@r, qD<;
Div@nVecD

Out[25]=
nr@r, qD

r
+ nqH0,1L@r, qD + nrH1,0L@r, qD

ü This isn't the traditional formula, This is because of two different conventions for writing vector 
fields: that for differential geometry {nr, nq} and that for polar coordinates {Nr, Nq}.
In differential geometry, vectors are written in terms of the local basis for the tangent space dr, 
dq, given by raising the index on the gradients of the two coordinates. In polar coordinates, 
vectors are written in terms of normalized vectors hat r and hat q. The problem is that dq isn't 
normalized; it's of length r, so nq = Nq/r:

In[26]:= NVec = 8Nr@r, qD, Nq@r, qDêr<;
Div@NVecD

Out[27]=
Nr@r, qD

r
+
NqH0,1L@r, qD

r
+ NrH1,0L@r, qD



ü Now we can investigate the directional derivative

In[28]:= nDotGradn@n_D := Table@Sum@n@@aDD TotalDerivative@nD@bD@aD, 8a, 1, 2<D, 8b, 1, 2<D êê Simplify

In[29]:= nDotGradn@NVecD

Out[29]= :
Nq@r, qD I-Nq@r, qD + NrH0,1L@r, qDM

r
+ Nr@r, qD NrH1,0L@r, qD,

Nq@r, qD NqH0,1L@r, qD + Nr@r, qD INq@r, qD + r NqH1,0L@r, qDM
r2

>

In[30]:= nDotGradn@NVecD - NVec Div@NVecD êê Simplify

Out[30]= :- Nr@r, qD2 + Nq@r, qD2 - Nq@r, qD NrH0,1L@r, qD + Nr@r, qD NqH0,1L@r, qD
r

,

-Nq@r, qD NrH1,0L@r, qD + Nr@r, qD NqH1,0L@r, qD
r

>

ü We now plug in the S = +- 1/2 defects

In[32]:= NS = 8Cos@qD Cos@S qD + Sin@qD Sin@S qD, H-Sin@qD Cos@S qD + Cos@qD Sin@S qDLêr<

Out[32]= :Cos@qD Cos@S qD + Sin@qD Sin@S qD, -Cos@S qD Sin@qD + Cos@qD Sin@S qD
r

>

In[33]:= nDotGradn@NSD - NS Div@NSD êê Simplify

Out[33]= :- S
r
, 0>

ü So the resulting field is radial, and the answer is...

In[34]:= Integrate@H1ê2L K24 HnDotGradn@NSD - NS Div@NSDL@@1DD r, 8q, 0, 2 p<D êê Simplify

Out[34]= -K24 p S
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